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PREFACE

The field of automatic control systems has revolutionized modern engineering, enabling
precise and efficient regulation of dynamic systems across industries. Automatic Linear
Control System is crafted to provide a comprehensive understanding of the principles,
design methodologies, and applications of linear control systems, with a focus on
automation.

This book offers a structured approach to the fundamentals of linear control theory,
covering topics such as system modeling, stability analysis, time and frequency response,
and controller design techniques like PID, root locus, and state-space methods. By
integrating theoretical concepts with practical examples, it bridges the gap between
academic knowledge and real-world implementation.

Intended for students, researchers, and professionals, this work aims to simplify complex
concepts while fostering a deeper appreciation for the role of automation in engineering.
We hope this book serves as a valuable guide in mastering the art and science of automatic
linear control systems.
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UNIT-I
INTRODUCTION

Basic Concept of Control System

Control Engineering is concerned with techniques that are used to solve the following six
problems in the most efficient manner possible.

(@) The identification problem :to measure the variables and convert data for analysis.

(b) The representation problem:to describe a system by an analytical form or mathematical
model

(c) The solution problem:to determine the above system model response.

(d) The stability problem:general qualitative analysis of the system

(e) The design problem: modification of an existing system or develop a new one

(f) The optimization problem: from a variety of design to choose the best.

The two basic approaches to solve these six problems are conventional and modern approach.
The electrical oriented conventional approach is based on complex function theory. The modern
approach has mechanical orientation and based on the state variable theory.

Therefore, control engineering is not limited to any engineering discipline but is equally
applicable to aeronautical, chemical, mechanical, environmental, civil and electrical
engineering. For example, a control system often includes electrical, mechanical and chemical
components.

Furthermore, as the understanding of the dynamics of business, social and political systems
increases; the ability to control these systems will also increase.

Basic terminologies in control system

System: A combination or arrangement of a number of different physical components to form a
whole unit such that that combining unit performs to achieve a certain goal.

Control: The action to command, direct or regulate a system.
Plant or process: The part or component of a system that is required to be controlled.
Input: It is the signal or excitation supplied to a control system.

Output: It is the actual response obtained from the control system.
Controller: The part or component of a system that controls the plant.

Disturbances: The signal that has adverse effect on the performance of a control system.

Control system: A system that can command, direct or regulate itself or another system to
achieve a certain goal.
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Automation: The control of a process by automatic means

Control System: An interconnection of components forming a system configuration that will
provide a desired response.
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Actuator: It is the device that causes the process to provide the output. It is the device that
provides the motive power to the process.

Design: The process of conceiving or inventing the forms, parts, and details of system to achieve
a specified purpose.
Simulation: A model of a system that is used to investigate the behavior of a system by utilizing
actual input signals.

Optimization: The adjustment of the parameters to achieve the most favorable or advantageous
design.

Feedback Signal: A measure of the output of the system used for feedback to control the
system.

Negative feedback: The output signal is feedback so that it subtracts from the input signal.

Block diagrams: Unidirectional, operational blocks that represent the transfer functions of the
elements of the system.

Signal Flow Graph (SFG): A diagram that consists of nodes connected by several directed
branches and that is a graphical representation of a set of linear relations.

Specifications: Statements that explicitly state what the device or product is to be and to do. It
is also defined as a set of prescribed performance criteria.

Open-loop control system: A system that utilizes a device to control the process without using
feedback. Thus the output has no effect upon the signal to the process.

Closed-loop feedback control system: A system that uses a measurement of the output and
compares it with the desired output.

Regulator: The control system where the desired values of the controlled outputs are more or
less fixed and the main problem is to reject disturbance effects.

Servo system: The control system where the outputs are mechanical quantities like
acceleration, velocity or position.

Stability: It is a notion that describes whether the system will be able to follow the input
command. In a non-rigorous sense, a system is said to be unstable if its output is out of control
or increases without bound.

Multivariable Control System: A system with more than one input variable or more than one
output variable.

Trade-off: The result of making a judgment about how much compromise must be made
between conflicting criteria.
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Classification
Natural control system and Man-made control system:

Natural control system: It is a control system that is created by nature, i.e. solar system,
digestive system of any animal, etc.

Man-made control system: It is a control system that is created by humans, i.e. automobile,
power plants etc.

Automatic control system and Combinational control system:

Automatic control system: It is a control system that is made by using basic theories from
mathematics and engineering. This system mainly has sensors, actuators and responders.

Combinational control system: It is a control system that is a combination of natural and
man-made control systems, i.e. driving a car etc.

Time-variant control system and Time-invariant control system:

Time-variant control system: It is a control system where any one or more parameters of the
control system vary with time i.e. driving a vehicle.

Time-invariant control system: It is a control system where none of its parameters vary with
time i.e. control system made up of inductors, capacitors and resistors only.

Linear control system and Non-linear control system:

Linear control system: It is a control system that satisfies properties of homogeneity and
additive.

Homogeneous property:  f(x+v)=f(x )+f(y)

Additive property:  f (ax) =a f (x)

Non-linear control system: It is a control system that does not satisfy properties of
homogeneity and additive, i.e. I =
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Continuous-Time control system and Discrete-Time control system:

Continuous-Time control system: It is a control system where performances of all of its
parameters are function of time, i.e. armature type speed control of motor.

Discrete -Time control system: It is a control system where performances of all of its
parameters are function of discrete time i.e. microprocessor type speed control of motor.

Deterministic control system and Stochastic control system:

Deterministic control system: It is a control system where its output is predictable or
repetitive for certain input signal or disturbance signal.

Stochastic control system: It is a control system where its output is unpredictable or
non-repetitive for certain input signal or disturbance signal.

Lumped-parameter control system and Distributed-parameter control system:

Lumped-parameter control system: It is a control system where its mathematical model is
represented by ordinary differential equations.

Distributed-parameter control system: It is a control system where its mathematical model is
represented by an electrical network that is a combination of resistors, inductors and
capacitors.

Single-input-single-output (SISO) control system and Multi-input-multi-output (MIMO)
control system:

SISO control system: It is a control system that has only one input and one output.

MIMO control system: It is a control system that has only more than one input and more than
one output.

A control system manages commands, directs or regulates the behavior of other devices or
systems using control loops. It can range from a single home heating controller using a
thermostat controlling a domestic boiler to large Industrial control systems which are used for
controlling processes or machines. A control system is a system, which provides the desired
response by controlling the output. The following figure shows the simple block diagram of a
control system.

System !

Examples - Traffic lights control system, washing machine

Tratfic lights control system is an example of control system. Here, a sequence of input signal
is applied to this control system and the output is one of the three lights that will be on for some
duration of time. During this time, the other two lights will be off. Based on the traffic study at a
particular junction, the on and off times of the lights can be determined. Accordingly, the input
signal controls the output. So, the traffic lights control system operates on time basis.
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Classification of Control Systems
Based on some parameters, we can classify the control systems into the following ways.
Continuous time and Discrete-time Control Systems

* Control Systems can be classified as continuous time control systems and
discrete time control systems based on the type of the signal used.

* |n continuous time control systems, all the signals are continuous in time. But, in
discrete time control systems, there exists one or more discrete time signals.
SISO and MIMO Control Systems

* Control Systems can be classified as SISO control systems and MIMO control systems
based on the number of inputs and outputs present.

* SISO (Single Input and Single Output) control systems have one input and one output.
Whereas, MIMO (Multiple Inputs and Multiple Outputs) control systems have more than

one input and more than one output.
Open Loop and Closed Loop Control Systems

Control Systems can be classified as open loop control systems and closed loop control
systems based on the feedback path.

In open loop control systems, output is not fed-back to the input. So, the control action is
independent of the desired output.

The following figure shows the block diagram of the open loop control system.

Actuating
Input Signal Output

P  Controller »| Plant p———>Pp

Here, an input is applied to a controller and it produces an actuating signal or controlling signal.
This signal is given as an input to a plant or process which is to be controlled. So, the plant
produces an output, which is controlled. The traffic lights control system which we discussed
earlier is an example of an open loop control system.

In closed loop control systems, output is fed back to the input. So, the control action is
dependent on the desired output.

The following figure shows the block diagram of negative feedback closed loop control system.
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Error Actuating

Detector Signal
Input Output
Controller ———»| Plant

+ Error

_ Signal
Feedback
Elements

Feedback
Signal

The error detector produces an error signal, which is the difference between the input and the
feedback signal. This feedback signal is obtained from the block (feedback elements) by
considering the output of the overall system as an input to this block. Instead of the direct input,
the error signal is applied as an input to a controller.

So, the controller produces an actuating signal which controls the plant. In this combination, the
output of the control system is adjusted automatically till we get the desired response. Hence,
the closed loop control systems are also called the automatic control systems. Traffic lights
control system having sensor at the input is an example of a closed loop control system.

The differences between the open loop and the closed loop control systems are mentioned in the
following table.

Open Loop Control Systems Closed Loop Control Systems
Control action is independent of the desired | Control action is dependent of the desired
output. output.

Feedback path is not present. Feedback path is present.

These are also called as non-feedback These are also called as feedback
control systems. control systems.

Easy to design. Difficult to design.

These are economical. These are costlier.

Inaccurate. Accurate.

If either the output or some part of the output is returned to the input side and utilized as part
of the system input, then it is known as feedback. Feedback plays an important role in order to
improve the performance of the control systems. In this chapter, let us discuss the types of
feedback & effects of feedback.

Types of Feedback
10|



There are two types of feedback -

* Positive feedback
* Negative feedback
Positive Feedback

The positive feedback adds the reference input, R(s)R(s) and feedback output. The following
figure shows the block diagram of positive feedback control system

R(s) + C(s)
G >

+

he concept of transfer function will be discussed in later chapters. For the time being, consider
the transfer function of positive feedback control system is,

= G ‘
T = TG ( Equation 1)
Where,

* T is the transfer function or overall gain of positive feedback control system.
* G is the open loop gain, which is function of frequency.

* H is the gain of feedback path, which is function of frequency.

Negative Feedback

Negative feedback reduces the error between the reference input, R(s)R(s) and system output.
The following figure shows the block diagram of the negative feedback control system.

R(S) -+ c C(S)>

H —

Transfer function of negative feedback control system is,
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T=-5 (Equation 2)

Where,
* T is the transfer function or overall gain of negative feedback control system.
* G is the open loop gain, which is function of frequency.

* H is the gain of feedback path, which is function of frequency.
The derivation of the above transfer function is present in later chapters.

Effects of Feedback
Let us now understand the effects of feedback.
Effect of Feedback on Overall Gain

* From Equation 2, we can say that the overall gain of negative feedback closed loop control
system is the ratio of 'G' and (1+#GH). So, the overall gain may increase or decrease depending
on the value of (1+GH).

* If the value of (1+GH) is less than 1, then the overall gain increases. In this case, 'GH' value
is negative because the gain of the feedback path is negative.

+ If the value of (1+GH) is greater than 1, then the overall gain decreases. In this case, 'GH'
value is positive because the gain of the feedback path is positive.

In general, 'G' and 'H' are functions of frequency. So, the feedback will increase the overall gain
of the system in one frequency range and decrease in the other frequency range.

Effect of Feedback on Sensitivity

Sensitivity of the overall gain of negative feedback closed loop control system (T) to the
variation in open loop gain (G) is defined as

ar
qT T Percentage change in T

76 Tf“ Percentage change in G (Equation J)
Where, 9T is the incremental change in T due to incremental change in G.
We can rewnte Equation 3 as
.’)'7: - %g (Equation 4)
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Do partial differentiation with respect to G on both sides of Equation 2.

or G \ _ (4+GH)1-GH) - |
5% =% (=5=) A+GHY? (A+GH)? SEGUADSR B
From Equation 2, yvou will get
L4 1+ GH {Equation 6)

T

Substitute Equation S and Equation 6 in Equation 4.

1 Lk
ST — 1+GH) = ———
¢ (1+GH)? ( ) = 1vcH

So, we got the sensitivity of the overall gain of closed loop control system as the reciprocal of
(1+GH). So, Sensitivity may increase or decrease depending on the value of (1+GH).

* If the value of (1+GH) is less than 1, then sensitivity increases. In this case, 'GH' value is
negative because the gain of feedback path is negative.

* If the value of (1#GH) is greater than 1, then sensitivity decreases. In this case, 'GH' value
is positive because the gain of feedback path is positive.

In general, 'G' and 'H' are functions of frequency. So, feedback will increase the sensitivity of the
system gain in one frequency range and decrease in the other frequency range. Therefore, we
have to choose the values of 'GH' in such a way that the system is insensitive or less sensitive to
parameter variations.

Effect of Feedback on Stability
* A system is said to be stable, if its output is under control. Otherwise, it is said to be unstable.

* In Equation 2, if the denominator value is zero (i.e., GH = -1), then the output of the control
system will be infinite. So, the control system becomes unstable.

Therefore, we have to properly choose the feedback in order to make the control system stable.

Effect of Feedback on Noise

To know the effect of feedback on noise, let us compare the transfer function relations with and
without feedback due to noise signal alone.

Consider an open loop control system with noise signal as shown below.

N(s)
4
R(s) C(s)
G-‘.l Gb
-
The open loop transfer function due to noise signal alone is
(= -
T,\—,-:—;—;- = G (Equation 7 )

It is obtained by making the other input R(s) equal to zero.

13



N(s)

R(s) -+ C(s)

The closed loop transfer function due to noise signal alone is

C(s) Gy,
N(s) 14G,G,H

{Equation 8)

It is obtained by making the other input R(s) equal to zero.
Compare Equation 7 and Equation 8,

In the closed loop control system, the gain due to noise signal is decreased by a
factor of (1 + G,GyH) provided that the term (1 + G,GyH) is greater than
one.

The control systems can be represented with a set of mathematical equations known as
mathematical model. These models are useful for analysis and design of control systems.
Analysis of control system means finding the output when we know the input and mathematical
model. Design of control system means finding the mathematical model when we know the input

and the output.
The following mathematical models are mostly used.
* Differential equation model

¢ Transfer function model
+ State space model

14|



TRANSFER FUNCTION REPRESENTATION

Block Diagrams

Block diagrams consist of a single block or a combination of blocks. These are used to represent
the control systems in pictorial form.

Basic Elements of Block Diagram

The basic elements of a block diagram are a block, the summing point and the take-off point. Let
us consider the block diagram of a closed loop control system as shown in the following figure
to identify these elements.

Summing point

Take-off point

R(s) + %—“-2

G(s)

H(s)

The above block diagram consists of two blocks having transfer functions G(s) and H(s). It is also
having one summing point and one take-off point. Arrows indicate the direction of the flow of
signals. Let us now discuss these elements one by one.

Block

The transfer function of a component is represented by a block. Block has single input and
single output.

The following figure shows a block having input X(s), output Y(s) and the transfer function G(s).

X(s) G(s) Y(sl

Y(s)
X(s)

Transfer Function, G(s) =

= Y(s) = G(s) X (s)

Summing Point

The summing point is represented with a circle having cross (X) inside it. It has two or more
inputs and single output. It produces the algebraic sum of the inputs. It also performs the
summation or subtraction or combination of summation and subtraction of the inputs based on
the polarity of the inputs. Let us see these three operations one by one.

15



The following figure shows the summing point with two inputs (A, B) and one output (Y). Here,
the inputs A and B have a positive sign. So, the summing point produces the output, Y as sum of
AandBie =A+B.

A = Y=A+B
>

A

B

The following figure shows the summing point with two inputs (A, B) and one output (Y). Here,
the inputs A and B are having opposite signs, i.e., A is having positive sign and B is having
negative sign. So, the summing point produces the output Y as the difference of Aand B i.e

Y=A+(-B)=A-B.

>
+

Y=A-

Yo

B

The following figure shows the summing point with three inputs (A, B, C) and one output (Y).
Here, the inputs A and B are having positive signs and C is having a negative sign. So, the
summing point produces the output Y as

Y=A+B+(—C)=A+B-C.
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Take-off Point

The take-off point is a point from which the same input signal can be passed through more than
one branch. That means with the help of take-off point, we can apply the same input to one or
more blocks, summing points.In the following figure, the take-off point is used to connect the
same input, R(s) to two more blocks.

Take-off point
m. o .o o fi 3
> G,(s) Cb(sl)-
C.(s)
™ G.(s) >
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In the following figure, the take-off point is used to connect the output C(s), as one of the inputs
to the summing point.

Take-off point

R(s) + 4\/C(S)
&

G(s) ¢

Block diagram algebra is nothing but the algebra involved with the basic elements of the block
diagram. This algebra deals with the pictorial representation of algebraic equations.

Basic Connections for Blocks

There are three basic types of connections between two blocks.

Series Connection

Series connection is also called cascade connection. In the following figure, two blocks having
transfer functions G1(s)G1(s) and G2(s)G2(s) are connected in series.

X(s) Z(s) Y(s)
—pl Gy(S) G,(s) i

For this combination, we will get the output Y (s) as
Y(s) = Ga(s)Z(s)
Where, Z(s) = G1(s)X(s)
= Y(5) = G2(s)|G1(s) X(s)] = G1(s)G2(s) X (s)
> Y(s) = {G1(s)G2(s)} X(s)

Compare this equation with the standard form of the output equation,
Y(s) = G(s)X(8). Where, G(s) = G1(8)Ga(5).
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That means we can represent the series connection of two blocks with a single block. The
transfer function of this single block is the product of the transfer functions of those two blocks.
The equivalent block diagram is shown below.

X(s) Y(s)
G1(s)G2(s) >

Similarly, you can represent series connection of ‘n’ blocks with a single block. The transfer
function of this single block is the product of the transfer functions of all those ‘n’ blocks.

Parallel Connection

The blocks which are connected in parallel will have the same input. In the following figure, two
blocks having transfer functions G1(s)G1(s) and G2(s)G2(s) are connected in parallel. The outputs
of these two blocks are connected to the summing point.

X(S) > Gl(S) YI(S)
= Y(s)
=i R
Gz(s) 0
2(s

Y(s) = Yi(s) + Ya(s)
Y1(s) = G1(s)X(s) and Ya(s) = Ga(s) X(s)

= Y(s) = G1(5) X(s) + Ga(s) X(s) = {G1(s) + Ga(s)} X(s)
G(s) = Gi(s) + Gafs).

That means we can represent the parallel connection of two blocks with a single
block. The transfer function of this single block is the sum of the transfer functions
of those two blocks. The equivalent block diagram is shown below.

X(s) Y(s)
G1(s) + G (5) -

19



Similarly, you can represent parallel connection of ‘n’ blocks with a single block. The transfer
function of this single block is the algebraic sum of the transfer functions of all those ‘n’ blocks.

Feedback Connection

As we discussed in previous chapters, there are two types of feedback — positive feedback and
negative feedback. The following figure shows negative feedback control system. Here, two
blocks having transfer functions G(s)G(s) and H(s)H(s) form a closed loop.

X(s) —+ E(s) |

G(s) !(sl

H(s) [[¢—

The output of the summing point is -
E(s) = X(s) — H(s)Y (s)
The output Y(s) is -
Y(s) = E(s)G(s)
Substitute F(s) value in the above equation.
Y(s) = {X(s) — H(s)Y(s)}G(s)}
Y(s) {1 + G(s)H(s)} = X(s)G(s)}

Y(s) G(s)
X(s) 14 G(s)H(s)

—

Therefore, the negative feedback closed loop transfer function is :
G(s)
1+G(s)H(s)

This means we can represent the negative feedback connection of two blocks with a single
block. The transfer function of this single block is the closed loop transfer function of the
negative feedback. The equivalent block diagram is shown below.

20|



X(s) G(s) Y(s)
1+ G(s)H(s)

Similarly, you can represent the positive feedback connection of two blocks with a single block.
The transfer function of this single block is the closed loop transfer function of the positive
feedback, i.e.,

G(s)
1-G(s)H(s)

Block Diagram Algebrafor Summing Points

There are two possibilities of shifting summing points with respect to blocks -

* Shifting summing point after the block

+ Shifting summing point before the block
Let us now see what kind of arrangements need to be done in the above two cases one by one.
Shifting the Summing Point before a Block to after a Block

Consider the block diagram shown in the following figure. Here, the summing point is present
before the block.

R R X
(s) + (s)+X(s) J &) Y(sl

4

X(s)

Summing point has two inputs R(s) and X(s)

The output of Summing pointis /(=) + X(=)}

21|



So, the input to the block G(s) is {R(s) + X(s)} and the output of it is —
Y(s s){R(s) + X(s)}
= Y(s) = G(s)R(s) + G(s)X(s) (Equation 1)
R(s) G(s)R(s) + Y(s)
—_— G(s) &> —
o
X(s)

Output of the block G(s) is G(s)R(s).
The output of the summing point is

Y(s) = G(s)R(s) + X(s) (Equation 2)

Compare Equation 1 and Equation 2.

The first term ‘G(s)R(s)X‘G(s)R(s)¥ is same in both the equations. But, there is difference in the
second term. In order to get the second term also same, we require one more block G(s)G(s). It
is having the input X(s)X(s) and the output of this block is given as input to summing point instead
of X(s)X(s). This block diagram is shown in the following figure.
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R(s) G(s)R(s) + Y(s)
_— G(s) > >

s
G(s)X(s)

G(s)

[

X(s)

Shifting Summing Point Before the Block

Consider the block diagram shown in the following figure. Here, the summing
point is present after the block.

R(s) G(s)R(s) + Y(s)
—] GCe) > >

—+

X(s)
Output of this block diagram is -
Y(s) = G(s)R(s) + X(s) (Equation 3)

Now, shift the summing point before the block. This block diagram is shown in
the following figure.

R(s) + R(s)+X(s Y(s
(s) (s)+X(s) ¥ [— ( l
s
X(s)
Output of this block diagram is -
Y(S) = G(s)R(s) + G(s) X (s) (Equation 4)

Compare Equation 3 and Equation 4,

The first term ‘G(s)R(s)X is same in both equations. But, there is difference in the second term.
In order to get the second term also same, we require one more block 1/G(s). It is having the
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input X(s) and the output of this block is given as input to summing point instead of X(s). This
block diagram is shown in the following figure.

R(s) + El; X(s)
R(s) + { ()} P Y(Sl

+

1

G(s)

|

X(s)

BlockDiagram AlgebraforTake-offPoints
There are two possibilities of shifting the take-off points with respect to blocks—
+ Shifting take-off point after the block
* Shifting take-off point before the block
Let us now see what kind of arrangements is to be done in the above two cases, one by one.

Shifting a Take-off Point form a Position before a Block to a position after the Block
Consider the block diagram shown in the following figure. In this case, the take-off point is
present before the block.

R(s) o 6(s) Y(sl

X(s)

Here, X(s) = R(s) and Y(s) = G(s)R(s)

When you shift the take-off point after the block, the output Y(s) will be same. But, there is
difference in X(s) value. So, in order to get the same X(s) value, we require one more
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block 1/G(s). It is having the input Y(s) and the output is X(s) this block diagram is shown in the
following figure.

Y(s)
s >‘G(s) s’

&
G(s)

X(s)

Shifting Take-off Point from a Position after a Block to a position before the Block
Consider the block diagram shown in the following figure. Here, the take-off point is present
after the block.

R(s) Y(s)
—>| G(s) 3

X(s)
Here, X(s) = Y(s) = G(s)R(s)

When you shift the take-off point before the block, the output Y(s) will be same. But, there is
difference in X(s) value. So, in order to get same X(s) value, we require one more block G(s) It is
having the input R(s) and the output is X(s). This block diagram is shown in the following figure.
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R(s) Y(s)

G(s)

X(s)

The concepts discussed in the previous chapter are helpful for reducing (simplifying) the block
diagrams.

BlockDiagram Reduction Rules

Follow these rules for simplifying (reducing) the block diagram, which is having many blocks,
summing points and take-off points.

* Rule 1 - Check for the blocks connected in series and simplify.

* Rule 2 - Check for the blocks connected in parallel and simplify.

* Rule 3 - Check for the blocks connected in feedback loop and simplify.

* Rule 4 - If there is difficulty with take-off point while simplifying, shift it towards right.
* Rule 5 - If there is difficulty with summing point while simplifying, shift it towards left.

* Rule 6 — Repeat the above steps till you get the simplified form, i.e., single block. Note
- The transfer function present in this single block is the transfer function of the overall
block diagram.

Note - Follow these steps in order to calculate the transfer function of the block diagram having
multiple inputs.

* Step 1 - Find the transfer function of block diagram by considering one input at a time and
make the remaining inputs as zero.

* Step 2 - Repeat step 1 for remaining inputs.
* Step 3 - Get the overall transfer function by adding all those transfer functions.

The block diagram reduction process takes more time for complicated systems because; we
have to draw the (partially simplified) block diagram after each step. So, to overcome this
drawback, use signal flow graphs (representation).

¥ Block Diagram Reduction- Summary
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Automatic control

X.(.r) XI(S) XGs) X(s)
—td  G(5) | X(s)

X(5)

X,(5) = G(s)X (s)
(a) X (3) = X,(5) =Xy(s) + Xy(5) - Xy(5) (c)
block : pickoff point
&) summer
X(s) G,(s)X(s) G (5)G,()X(s)

— - G|(s) p— Gy(s) p— (T = Gy(5)Gy(s) —

(a)

G,(s)X(s)
= Gy(5)
X(5) * G(5) £ Gyls)
— e (=D =—1{G,(5) 2 Gyls) —>
*
m— Gz(.ﬂ
G(s)X(s)
(b)
Aunromaric control
R(s) + E(s) Y(s)
E G(s) G > s g((:))ﬂ(s) -
.
H(s)Y(s)
H(s)

Y(5) =G(s)E(s)
E(s) = R(s)+ H(s)Y (5)
Y(s) = G()[R(s) £ H($)Y (5)] = G(s)R(s) £ G(s)H ()Y (5)

Y(s) G(s)
R(s) 1FG(s)H(s)

T(s)=
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<:> — I —

(a) Insertion or removal of unity gain

+ -
& —f -
(b) Changing a summer sign
X
-EL Gi(s) gt Gols) ey <:> & Gyils)  f=p  Gily)
- Gs) [
G\ ($)X(s) Gy()X(s)
(¢) Moving a pickoff point back
X0 6 W) s (= Bl G0 Ll GO
e 60 [Gme

(d) Moving a pickoff point forward
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+ + - +
= o
(¢) Combining or expanding summations

/ )

(f) Combining or expanding junctions

X,(s) Xy(s)
|
A X\ (5) = Xals) - X)(8) = Xy(s)
X](S) > I > ..3_'(2_:.6);.
RO A7) om— X,(5) = Xsfs) < ’

() Moving a pickoff point behind a summation

X)) X,(s) = X
> 1(8) ~ X2() > X, (s)
+ Xl(s) - XE(S) + + +
X,(s) > X,(s) s
b R X, (s) ~ Xs(s)
|
x:(S) x:(.f)

(h) Moving a pickoff point forward of a summation
Examples:

1. Consider the block diagram shown in the following figure. Let us simplify (reduce) this block
diagram using the block diagram reduction rules.
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H, |«

Y(s)

Step 1 — Use Rule 1 for blocks &y and 3. Use Rule 2 for blocks Ga and Gy.
The modified block diagram is shown in the following figure.,

Hz"

Hsle

Gs + Gy

Y(s)

Step 2 — Use Rule 3 for blocks G1Ga and Hy . Use Rule 4 for shifting take-off
point after the block Gg. The modified block diagram is shown in the following

figure.
H3 -t
R(s) G1G £ Y(s)
= e Gz + Gy f—»| G5 9>
- 1 + Glagﬁl
-+

H,
Gs

Step 3 — Use Rule 1 for blocks (G3 + G4) and Gg. The modified block diagram

is shown in the following figure.
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Tile

Y(s)

R(s) G162
B G3 + G4)G g PP
i 1+ G.G.H. (G3 4)Gs
+
H
Z e
Gs

Step 4 — Use Rule 3 for blocks (G3 + G4)Gs and Hy. The modified block

diagram is shown in the following figure.

R(52® " G1G> (G3 + G4)Gs )
<4 1+ Gleﬂl ” 1+ (63 -+ 64)65"’3
.
H
Z e
Gs

Step 5 — Use Rule 1 for blocks connected in series. The modified block diagram
is shown in the following figure.
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R(SZ® GGGy 36D Y(s)

> >
B (14 G1GH){1 + (G3 + G4)GsH3}
e
H
2 le
Gs

Step 6 — Use Rule 3 for blocks connected in feedback loop. The modified block
diagram is shown in the following figure. This is the simplified block diagram.

Y(s

Ris) 6165 G5*(Gs + Gy) )
—p

(14 G1G,H){1 + (G3 + G4)GsH3}Gs — G1G2G5(G3 + G4)H,

Therefore, the transfer function of the system is

Y(.-.‘) G]GQGE(G.; + G,,)
R(b) (1+ Glcgﬂl){l T (G-; + (:4)(;5H3}G5 - GngGs(({; T G,;)Hg
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2. Determine the transfer function Y(s)/R(s).

Rix)

Ris) +

33|Page

(557 + 12x5)(3)

(65 + 14) (52 + 5+ 4)5+ 3)

S5 4+ 2752 + 365

-l
65* + 3857 + 11352 + 2065 + 168

P Y(s)
sTc- s+ 4 -
P Yis)
st4s+4 -
s + Y(s)
1+ 22+ 13 :__4 -
= r= s+
Sy + 12 —
Gy + 14
3
s+ 3 -
Ris) + 2 Y(x)
= Sy +2|2_|' -
(Gx + 145" + 5+ 4)
a
s+ 3
1
Ssx% 4 125
(65 + 14)(s° + 5+ 4)
R(s) S Y(s)



3. Determine the transfer function Y2(s)/R1(s).

Rl(.f)

-
f >

Y

1- (1) o (‘

— -2

S22 +25+3

2

)

b)

3 -I_ Yy(s)
s+ 2 o
3 1
N ) 6))
Ry(s) - i & ( 3 )(l) Y2(s)
s+ 2/ \s
_ 3
s2 425+ 3
(a)
- 3 ] ol
s+ 2 s
Ra(s) ; + 1 ¥Y2(s)
e s
+
3
s+ 2 . =
1
, . (—-l)(;)
R(s) 209 = = ¥a(s)



SignalFlowGraph

Signal flow graph is a graphical representation of algebraic equations. In this chapter, let us
discuss the basic concepts related signal flow graph and also learn how to draw signal flow
graphs.

BasicElementsofSignalFlowGraph
Nodes and branches are the basic elements of signal flow graph.

Node
Node is a point which represents either a variable or a signal. There are three types of nodes
— input node, output node and mixed node.

* Input Node - It is a node, which has only outgoing branches.
* Output Node - It is a node, which has only incoming branches.
* Mixed Node - It is a node, which has both incoming and outgoing branches.

Example
Let us consider the following signal flow graph to identify these nodes.

a b C

— 7 - —

Y1 Y2 ¥3 Y4

-d

» The nodes present in this signal low graph are yq, yo, Y3 and yg4.
1 yq and y4 are the input node and output node respectively.

9 yo and yg are mixed nodes.

35|



Branch

Branch is a line segment which joins two nodes. It has both gain and direction. For example,
there are four branches in the above signal flow graph. These branches have gains of a, b, ¢ and
-d.

Construction of Signal Flow Graph
Let us construct a signal flow graph by considering the following algebraic equations -

Y2 = a12¥1 + a42Y4
Y3 = ag3y2 + as3ys
Y4 = Q34Ys
Ys = Q45Y4 + A35Y3
Yo = AseYs

There will be six nodes (v, v2, ¥3, ¥4, ¥5 and yg) and eight branches in this
signal flow graph. The gains of the branches are a0, as3, asq, 945, s, 342, 53

and ass.

To get the overall signal flow graph, draw the signal flow graph for each
equation, then combine all these signal flow graphs and then follow the steps
given below -

Step 1 — Signal flow graph for yo = a13y; + a4oy4 is shown in the following
figure.
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e o ) - - -
B £ Yz o 2 Ya s Ye
<Xaz
Step 2 — Signal flow graph for ys =— a3z + agays is shown in the following
figure,
Xz
- - — = -
V1 2 Y3 Ya Ys Ve
sz
Step 2 — Siignal flow graph for 4 — aaaya is shown in the following figure.
a3q
e ® —> 5 ® P
B 4 Y2 Y3 Y4 Ys Y6

Step 4 - Signal flow graph for ys = aysy4 + azsys is shown in the following
figure.

aszs
Qys
® ° @ ) o
Y1 Y2 Y3 Ya Ys Ye

Step 5 — Signal flow graph for y¢ = ageys is shown in the following figure.

QA5

© L) @ @ +.

Y1 Y2 Y3 Y4 Ys Ye

Step 6 — Signal flow graph of overall system is shown in the following figure.
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Conversion of BlockDiagramsinto Signal Flow Graphs
Follow these steps for converting a block diagram into its equivalent signal flow graph.

* Represent all the signals, variables, summing points and take-off points of block diagram
as nodes in signal flow graph.

* Represent the blocks of block diagram as branches in signal flow graph.

* Represent the transfer functions inside the blocks of block diagram as gains of the
branches in signal flow graph.

+ Connect the nodes as per the block diagram. If there is connection between two nodes (but
there is no block in between), then represent the gain of the branch as one. For example,
between summing points, between summing point and takeoff point, between input and
summing point, between take-off point and output.

Example

Let
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Yo

Y(s)

Represent the input signal R(s) and output signal C(s) of block diagram as input node R(s) and
output node C(s) of signal flow graph.

Just for reference, the remaining nodes (y1 to y9) are labeled in the block diagram. There are
nine nodes other than input and output nodes. That is four nodes for four summing points, four
nodes for four take-off points and one node for the variable between blocks G1and Ga.

The following figure shows the equivalent signal flow graph.

H,

Let us now discuss the Mason’s Gain Formula. Suppose there are ‘N’ forward paths in a signal
flow graph. The gain between the input and the output nodes of a signal flow graph is nothing
but the transfer function of the system. It can be calculated by using Mason’s gain formula.
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Mason’s gain formula is
_C(s)  ZY,PA,
R(s) A
Where,
* C(s) is the output node

T

* R(s) is the input node
* T is the transfer function or gain between R(s) and C(s)
* Pi is the ith forward path gain

A=1-(sum of all individual loop gains) +(sum of gain products of all possible two nontouching

loops)—-(sum of gain products of all possible three nontouching loops)
+....

Ai is obtained from A by removing the loops which are touching the ith forward path.

Consider the following signal flow graph in order to understand the basic terminology involved
here.
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Path

It is a traversal of branches from one node to any other node in the direction of
branch arrows. It should not traverse any node more than once.

Examples —yo — y3 — y4 — ys and ys — Y3 — Yo

Forward Path

The path that exists from the input node to the output node is known as
forward path.

Examples —y; — Yo — Y3 — Y4 — Ys — Yg and Y1 — Yo — Y3 — Ys — Ys.
Forward Path Gain

It is obtained by calculating the product of all branch gains of the forward path.

Examples — abede is the forward path gain of 43 — yo — y3 — Y4 — Ys — Ys
and abge is the forward path gain of y; — y9 — Y3 — y5 — Vs

Loop

The path that starts from one node and ends at the same node is known as a loop. Hence, itis a
closed path.

Examples —y2 — y3 — y2 and y3 — ¥s — ¥3.

Loop Gain

It is obtained by calculating the product of all branch gains of a loop.

Examples — b; is the loop gain of yp — y3 — ya and g, is the loop gain of
Ys = Ys = Ya.

Non-touching Loops

These are the loops, which should not have any common node.

Examples — The loops, y9 — y3 — Y9 and y4 — Y5 — Y4 are non-touching.
Calculation of Transfer Functionusing Mason’s Gain Formula
Let us consider the same signal flow graph for finding transfer function.
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* Number of forward paths, N = 2.

* First forward path is - y1—y2—y3—y4—y5—y6.
* First forward path gain, p1=abcde

* Second forward path is - y1—y2—y3—y5—y6

» Second forward path gain, p2=abge

* Number of individual loops, L = 5.

Loops are - Y2 —Ys — Y2, Y3 7 Ys Y3, Y3~ Y4 — Ys — Y3,
Y4 — Ys — Y4 and ys — ys.

Loop gains are - ly = bj, ly = gh, l3 =cdh, ly =di and l5 = f.

* Number of two non-touching loops = 2.

* First non-touching loops pair is - y2—y3—y2, y4—y5—y4,
* Gain product of first non-touching loops pair 1114=bjdi

* Second non-touching loops pair is - y2—y3—y2, y5—y5.

* Gain product of second non-touching loops pair is 115=bjf

Higher number of (more than two) non-touching loops are not present in this signal flow
graph.We know,
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@ Number of forward paths, N = 2,

@ First forwardpathis -y) — Y2 — Ys — Y4 — Ys — Yo -
@ First forward path gain, py = abcde.

@ Second forward path is -y — Y2 — Y3 — Ys — Vs

@ Second forward path gain, pa = abge.

@ Number of individual loops, L = 5.

9 Loops are - Y2 Yy Y2, Y3 2 Ys Y3y, Y3 T Ys — Ys — Y3,
Ys — Ys — Y4 and ys — ¥s.

9 Loop gains are - ly = bj, ly = gh, ly = cdh, ly =di and lg = f.
3 Number of two non-touching loops = 2.

9 First non-touching loops pairis - Y2 — Y3 — Y2, Y4 — Ys — Y4.
2 Gain product of first non-touching loops pair, ljly = bjdi

9 Second non-touching loops pair is - Y2 — Y3 — Y2, Y5 — Ys.

2 @Gain product of second non-touching loops pair is - lijls = bjf

Higher number of (more than two) non-touching loops are not present in this
signal flow graph.
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We know,

A = 1— (sum of all individual loop gains)
+(sum of gain products of all possible two nontouching loops)
—(sum of gain products of all possible three nontouching loops)+. ..

Substitute the values in the above equation,
A=1—(bj+gh+ecdh+di+ f)+ (bjdi + bjf) — (0)

= A=1—(bj+gh+edh+di+ f)+bjdi +bjf

There is no loop which is non-touching to the first forward path.

So, A1 = 1.

Similarly, Ay = 1. Since, no loop which is non-touching to the second forward
path.

Substitute, N = 2 in Mason'’s gain formula

C(s) B2, PRA

T=Re = A
_C(s)  PA; +PA,
~R() A

Substitute all the necessary values in the above equation.

T i [ (abede)1 + (abge)l
R(s) 1— (bj+gh +cdh+di+ f) +bjdi + bjf
o C(S) o (abcde) + (abge)
" R(s) 1—(bj+gh+cdh+di+ f)+bjdi +bjf

Therefore, the transfer function is -

C(s) (abede) + (abge)
R(s) 1— (bj+ gh +cdh +di + f) + bjdi + bjf

2 =
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Example-1: Determine the transfer function C(s)/R(s).

H3
1 1 G3
R{s+— G:l (‘;Z > > G:‘ 1_Cls)
M
-H1
PA
: =k
ﬂﬂ=z

o A=GGGG, A;=1 Thereisno P, or A, or more.

» Y L=-GG,H +GGH,-GG,H,

o Y 1,=GGGGHH,

o A=1-Y'[+) L=14GG\H,-GGH,+GG,H,+GGGGHH,

" A 14GGH,-G,GH,+GGH,+GGGG,HH,
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Example-2: Determine the transfer function C(s)/R(s).

Rs) g—-
M, = GGG GGGGG, 4 =1
M, =GGG, A, =1-|-GH - GH, -GGG H -GGG H |+ CHGH,

= 1+G H +GH +GGGGH +GGGH +GHGH,
h=1--G -G, -G GGG H -GGG H. -GH]
G HGH +GHGH, +GHGH +GHGGGH, +GHGGGGH,|
G HGHGH
b=1+GH +GH +GGGGH, +GGGH +GH
G HGH +GHGH +GHGH +GHGGGH +GHGGEGH

+G,H.GHGH.
r(s)_C(s)_MA tMA, GGGGGGGG +GGG+GH +GH +6GGGH +GGGH +GHGH |
Rs) A A
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Example-3: Determine the transfer function C(s)/R(s).

!
R/G; 1
Lol

M, =G,G,G,G, A, =1

hlz=G| Az=l
M, =G,G, A, =1+G,

A=1- (""Gl — Gz “GlecaG‘)'*‘G'Gz = 1+Gl +Gz +GleG:,G‘ +G|Gz
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MCQs on Control Systems (with Answers)

1. A control system is defined as a system that

A. Generates power

B. Amplifies signals only

C. Regulates the output to obtain desired performance
D. Stores energy

Answer: C

2. The main objective of a control system is to

A. Increase cost
B. Reduce size
C. Achieve desired output with accuracy

D. Increase power consumption

Answer: C

3. Which of the following is an example of a control system?

A. Electric fan
B. Water pump without sensor

C. Automatic voltage regulator
D. Electric heater without thermostat

Answer: C

4. In an open-loop control system

A. Output is compared with input

B. Feedback is present

C. Control action is independent of output
D. Error signal is generated

Answer: C

5. Which of the following is an open-loop control system?

A. Cruise control
B. Speed control of DC motor

C. Automatic washing machine
D. Electric toaster

Answer: D
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6. The major disadvantage of an open-loop system is
A. High cost

B. Low efficiency

C. Inaccuracy

D. Complexity

Answer: C

7. A closed-loop control system always contains

A. Controller
B. Actuator
C. Feedback path

D. Power supply
Answer: C

8. In a closed-loop system, the error signal is the difference between
A. Input and output

B. Input and feedback

C. Feedback and controller output

D. Output and actuator signal

Answer: B

9. Which of the following is a closed-loop control system?

A. Electric iron

B. Water heater with thermostat
C. Table fan

D. Electric bulb

Answer: B

10. Closed-loop systems are preferred over open-loop systems because they
A. Are simpler
B. Are cheaper

C. Are more accurate
D. Consume less power

Answer: C
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11. Feedback in a control system is defined as
A. Amplification of input

B. Difference between signals

C. Returning part of output to input

D. Increase in gain

Answer: C

12. Negative feedback in a control system generally
A. Increases gain

B. Decreases accuracy

C. Improves stability

D. Increases sensitivity

Answer: C

13. Positive feedback in a control system tends to
A. Reduce gain
B. Improve stability

C. Increase oscillations
D. Reduce error

Answer: C

14. One important effect of negative feedback is

A. Increase in noise
B. Reduction in bandwidth
C. Reduction in sensitivity

D. Increase in system instability

Answer: C

15.The sensitivity of a closed-loop system compared to an open-loop system is
A. Higher

B. Lower
C. Same
D. Infinite

Answer: B
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16. Which feedback characteristic improves system accuracy?

A. Positive feedback
B. No feedback
C. Negative feedback

D. Regenerative feedback

Answer: C

17. Feedback reduces the effect of
A. Controller gain

B. Disturbances
C. Input signal

D. Power supply

Answer: B

18.The main disadvantage of closed-loop control systems is
A. Inaccuracy

B. High sensitivity

C. Complexity

D. Poor stability

Answer: C

19. Which of the following increases bandwidth of a control system?

A. Positive feedback
B. Negative feedback

C. No feedback
D. Open-loop operation

Answer: B

20.A system without feedback is called
A. Linear system

B. Dynamic system

C. Open-loop system

D. Closed-loop system

Answer: C
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21. Which of the following improves the disturbance rejection capability?
A. Open-loop control

B. Positive feedback
C. Negative feedback

D. No feedback
Answer: C

22.Feedback is mainly used in control systems to
A. Increase power

B. Increase complexity
C. Improve performance

D. Reduce input signal

Answer: C

23.Which of the following is NOT an effect of negative feedback?
A. Reduced gain
B. Improved stability

C. Reduced noise
D. Increased sensitivity

Answer: D

24.The accuracy of a control system is mainly improved by

A. Increasing gain
B. Using feedback

C. Removing sensor
D. Increasing disturbances

Answer: B

25.In a closed-loop control system, feedback is usually
A. Added to input

B. Subtracted from input

C. Multiplied with input

D. Ignored

Answer: B
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26.A transfer function of a system is defined as

A. Ratio of output to input in time domain

B. Ratio of Laplace transform of output to input with initial conditions

C. Ratio of Laplace transform of output to input with zero initial conditions
D. Ratio of input to output

Answer: C

27. Block diagram representation is mainly used to
A. Determine stability

B. Simplify system analysis

C. Find time response directly

D. Represent non-linear systems

Answer: B

28.Two blocks in series with transfer functions (G_1(s)) and (G_2(s)) are equivalent to
A (G1+G_2)

B. (G1-G_2)

C. (G1G_2)

D. (\frac{G_1{G_2})

Answer: C

29.Two blocks in parallel are combined by
A. Multiplication

B. Subtraction
C. Addition
D. Division

Answer: C

30.The transfer function of a unity feedback system is
A. (1+G(s))

B. (\frac{1}{1 + G(s)})

C. (\frac{G(s)}{1 + G(s)})Lorem Ipsum

D. (\frac{1}{G(s)})

Answer: C
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31. In block diagram reduction, a summing point can be moved
A. Only forward

B. Only backward

C. Across a block with gain adjustment

D. Without any change

Answer: C

32.The purpose of block diagram reduction is to
A. Increase complexity

B. Reduce number of blocks
C. Obtain overall transfer function
D. Eliminate feedback

Answer: C

33.Signal flow graph represents
A. Non-linear equations

B. Differential equations only

C. Linear algebraic equations
D. Linear system relationships

Answer: D

34.In a signal flow graph, nodes represent

A. Gains
B. Inputs only

C. System variables
D. Feedback elements

Answer: C

35.A forward path in SFG is a path

A. With feedback
B. Without repeating any node

C. With maximum gain
D. With minimum loops

Answer: B

54|



36.A loop in signal flow graph is

A. A forward path

B. A closed path with no node repeated
C. Any path between input and output
D. A disconnected path

Answer: B

37.Two loops are said to be non-touching if they

A. Share one node
B. Share one branch
C. Do not share any node

D. Do not share any gain

Answer: C

38.Mason’s gain formula is used to find
A. Stability

B. Time response

C. Overall transfer function

D. Poles and zeros

Answer: C

39.Mason’s gain formula is given by
A. (frac{1}{1+G(s)})

B. (\sum P k)

C. (\frac{\sum P_k\Delta_k}{\Delta})
D. (1-\sumlL)

Answer: C

40.In Mason’s gain formula, (P_k) represents
A. Loop gain

B. Forward path gain

C. Node gain

D. Feedback gain

Answer: B
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41. The determinant (\Delta) of an SFG is
A. Sum of forward path gains

B. Product of loop gains

C. (1 -) sum of loop gains + sum of non-touching loop products - ...
D. Sum of node gains

Answer: C

42.(\Delta_k) in Mason’s formula represents

A. Determinant including all loops

B. Determinant excluding loops touching (P_k)
C. Gain of kth loop

D. Gain of kth node

Answer: B

43.Mason’s gain formula is applicable to
A. Non-linear systems

B. Time-varying systems

C. Linear systems only

D. Discrete systems only

Answer: C

44.1f an SFG has no loops, the determinant (\Delta) is

A.0
B. 1
C. -1
D. Infinity

Answer: B

45.1f all loops touch the forward path, then
A. (\Delta_k =\Delta)

B. (\Delta_k = 0)

C. (\Delta_k =1)

D. (\Delta=0)

Answer: C
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46.The major advantage of SFG over block diagram is
A. Easier drawing

B. Avoids block reduction steps

C. Applicable to non-linear systems

D. Shows physical components

Answer: B

47. Transfer function obtained from SFG using Mason’s formula is
A. Approximate

B. Time-domain
C. Exact
D. Graphical

Answer: C

48.A signal flow graph is derived from
A. Block diagram

B. Differential equations

C. Algebraic equations

D. All of the above

Answer: D

49.Which of the following is NOT a component of SFG?

A. Node
B. Branch
C. Summing point

D. Loop

Answer: C

50.In block diagram algebra, feedback always
A. Increases gain
B. Reduces gain

C. Affects overall transfer function
D. Eliminates disturbances

Answer: C
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UNIT-II

TIME RESPONSE ANALYSIS

We can analyze the response of the control systems in both the time domain and the frequency
domain. We will discuss frequency response analysis of control systems in later chapters. Let us
now discuss about the time response analysis of control systems.

Whatis Time Response?

If the output of control system for an input varies with respect to time, then it is called the time
response of the control system. The time response consists of two parts.

* Transient response
+ Steady state response
The response of control system in time domain is shown in the following figure.

. >
0 < b > t

Transient Steady
State state

Here, both the transient and the steady states are indicated in the figure. The
responses corresponding to these states are known as transient and steady
state responses,

Mathematically, we can write the time response c(t) as
c(t) = cir(t) +css(2)

Where,
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* Cy(t) is the transient response
» cgdt) is the steady state response

Transient Response

After applying input to the control system, output takes certain time to reach steady state. So,
the output will be in transient state till it goes to a steady state. Therefore, the response of the
control system during the transient state is known as transient response.

The transient response will be zero for large values of ‘t’ |deally, this value of ‘t’ is infinity and
practically, it is five times constant.

Mathematically, we can write it as

lim ¢, () = 0
t—o0

Steady state Response

The part of the time response that remains even after the transient response has zero value for
large values of ‘t’ is known as steady state response. This means, the transient response will be
zero even during the steady state.

Example
Let us find the transient and steady state terms of the time response of the control system
c(t) = 10 + 5e~*

Here, the second term will be zero as t denotes infinity. So, this is the transient term. And the
first term 10 remains even as t approaches infinity. So, this is the steady state term. Standard
Test Signals

The standard test signals are impulse, step, ramp and parabolic. These signals are used to know
the performance of the control systems using time response of the output.

Unit Impulse Signal
A unit impulse signal, &(t) is defined as
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5(t) =0 fort #0
and [\ §(t)dt = 1

The following figure shows unit impulse signal.

6(t) 4

>
0 t

So, the unit impulse signal exists only at‘t’ is equal to zero. The area of this signal under small
interval of time around‘t’ is equal to zero is one. The value of unit impulse signal is zero for all
other values of‘t’.

Unit Step Signal
A unit step signal, u(t) is defined as
u(t) =1Lt =0

=0t
Following figure shows unit step signal.

udt)
N

i

=
O Tt

So, the unit step signal exists for all positive values of‘t’ including zero. And its value is one
during this interval. The value of the unit step signal is zero for all negative values of‘t’.
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Unit Ramp Signal
A unit ramp signal, r (t) is defined as

r(t) =t:t=>0
=0;1 <0
We can write unit ramp signal, 7(t) in terms of unit step signal, w(t) as
r(t) = tu(t)

Following figure shows unit ramp signal.

r(t)
A

>
0 t

So, the unit ramp signal exists for all positive values of‘t’ including zero. And its value increases

linearly with respect to't’ during this interval. The value of unit ramp signal is zero for all negative
values of‘t’.

Unit Parabolic Signal
A unit parabolic signal, p(t) is defined as,

t2
t)=—;t >0
p(t) > T

=0;t<0

We can write unit parabolic signal, p(t) in terms of the unit step signal, u(t) as,
t2

plt) = Sult)

The following figure shows the unit parabolic signal.
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p(t)

B
0 t

So, the unit parabolic signal exists for all the positive values of‘t’ including zero. And its value
increases non-linearly with respect to‘t’ during this interval. The value of the unit parabolic
signal is zero for all the negative values of‘t’.

In this chapter, let us discuss the time response of the first order system. Consider the following
block diagram of the closed loop control system. Here, an open loop transfer function, 1/sT is
connected with a unity negative feedback.

R(S) - 1 C(S)
¥ >
sT

We know that the transfer function of the closed loop control system has unity
negative feedback as,

C(s)  G(s)
R(s) 1+ G(s)

Substitute, G(s) = }1? in the above equation.

Cs) =« _ 1
R(s) 1+ T T+ 1

1
ST

The power of s is one in the denominator term. Hence, the above transfer
function is of the first order and the system is said to be the first order
system.
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We can re-write the above equation as

Cla) = (sT1+ 1 ) )

Where,

1 C(s) is the Laplace transform of the output signal c(t),
2 R(s) is the Laplace transform of the input signal r(t), and

3 T is the time constant.

Follow these steps to get the response (output) of the first order system in the
time domain.

L

Take the Laplace transform of the input signal r(t).

L

Consider the equation, C'(s) = ( sTl+1 ) R(s)

L

Substitute R(s) value in the above equation.

C

Do partial fractions of C'(s) if required.

L

Apply inverse Laplace transform to C(s).

ImpulseResponse of First Order System

Consider the unit impulse signal as an input to the first order system.
So, r(t)=5(t)

Apply Laplace transform on both the sides.

R(s) =1

Consider the equation, C'(s) = (ﬁ) R(s)

Substitute, R(s) = 1in the above equation.

Ot = (3T1+ 1 ) (1) = sT1+ 1

Rearrange the above equation in one of the standard forms of Laplace transforms.
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1 1 1
C!S :—T.ﬁ-('s T —
(#) T(s+%~) (#) T(er;jl‘-)

Applying Inverse Laplace Transform on both the sides,
1 ( _ L)
c(t) = —e\ T/ult
(t) = e\ u(t)

e(t) = %e(_ %)-u(t)

The unit impulse response is shown in the following figure.

c(t)
A

1
i

0 t
The unit impulse response, c(t) is an exponential decaying signal for positive values of ‘t’ and it is
zero for negative values of ‘t’.
Step Response of First Order System
Consider the unit step signal as an input to first order system. So,
r(t)=u(t)
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Consider the equation, C'(s) = (—{—1) R(s)

Substitute, R(s) = % in the above equation.

1 1 1
sT +1 s s(sT +1)

Do partial fractions of C(s).

C(s) = ! :i"'r' B
s(sT +1) s sT+1
1 _ A(sT+1)+Bs
s(sT+1)  s(sT+1)

On both the sides, the denominator term is the same. So, they will get cancelled by each other.
Hence, equate the numerator terms.

1=A(sT+1)+Bs
By equating the constant terms on both the sides, you will get A = 1. Substitute,
A =1 and equate the coefficient of the s terms on both the sides.

0=T+B
=B=-T
Substitute, A =1 and B =[IT in partial fraction expansion of C(s)
1 T 1 T
C(s)=—— ==-—
(%) s sT+1 s T(s+ %)
vy~ L _ 1
> O ==t +

Apply inverse Laplace transform on both the sides.
(%)
Bt} = (1 —e \T ) u(t)

The unit step response, c(t) has both the transient and the steady state terms.
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The transient term in the unit step response is -

G = —ar s
The steady state term in the unit step response is -

Css(t) = u(t)
The following figure shows the unit step response
c(t)
i
o t

The value of the unit step response, c(f) is zero at t = 0 and for all negative values of t. It is
gradually increasing from zero value and finally reaches to one in steady state. So, the steady
state value depends on the magnitude of the input.

Ramp Response of First Order System
Consider the unit ramp signal as an input to the first order system.
So, r(t)=t u(t)
Apply Laplace transform on both the sides.
1
R(s) = —
() =5

Consider the equation, C'(s) = (?TITI) R(s)

Substitute, R(s) = %

= (3T1+1 ) (:_2) - m

in the above equation.
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Do partial fractions of C'(s).

. 1 A B C
Cle)=——==+=+
s2(sT+1) s?2 s sT+1
1 _ A(sT +1) + Bs(sT + 1) +Ce*
T s2(sT+1) s2(sT + 1)

On both the sides, the denominator term is the same. So, they will get cancelled by each other.
Hence, equate the numerator terms.

1= A(sT + 1) + Bs(sT + 1) + Cs*
By equating the constant terms on both the sides, you will get A = 1. Substitute,
A =1 and equate the coefficient of the s terms on both the sides.
0=T+B=B=-T
Similarly, substitute B =[IT and equate the coefficient of s2 terms on both the sides. You will
get C=T2
Substitute A =1, B =-T and C=T2 in the partial fraction expansion of C(s).

, 1 T T2 1 T /
M R i R TS
S (5‘+?)
s B T
=C(s)=— - —+ ]
s2 5 s+

Apply inverse Laplace transform on both the sides.
(%)
elt) = (t —T +Te \T ) u(t)

The unit ramp response, c(t) has both the transient and the steady state terms. The transient
term in the unit ramp response is

f

en(t)=Te ( ?)-u.(t)
The steady state term in the unit ramp response is -
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Css(t) = (t — T)u(t)
The figure below is the unit ramp response:

t

The unit ramp response, c(t) follows the unit ramp input signal for all positive values of t. But,
there is a deviation of T units from the input signal.

Parabolic Responseof First Order System
Consider the unit parabolic signal as an input to the first order system.

So, r(t) = sul(t)

Apply Laplace transform on both the sides.

Consider the equation, C'(s) = (sT1+1 ) R(s)

Substitute R(s) = % in the above equation.

1 1 1
Cls) = (sT-!—l) (3) T $3(sT + 1)
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Do partial fractions of C(s).

After simplifying, you will get the wvalues of A, B, C and D as 1,
—T. T?and — T? respectively. Substitute these values in the above partial
fraction expansion of C(s).

Co)=2-Z+L - I =C@s) =

1 v i i i
ATET T

Apply inverse Laplace transform on both the sides.
¢ (%)
e(t) = (? ~Tt+T?-T? \7 )-u.(t)

The unit parabolic response, c(t) has both the transient and the steady state terms. The transient
term in the unit parabolic response is

Cor(t) = —T% (Fug)
The steady state term in the unit parabolic response is

1‘.2
Cys(t) = (? — % +T2) w(t)

From these responses, we can conclude that the first order control systems are not stable with
the ramp and parabolic inputs because these responses go on increasing even at infinite amount
of time. The first order control systems are stable with impulse and step inputs because these
responses have bounded output. But, the impulse response doesn’t have steady state term. So,
the step signal is widely used in the time domain for analyzing the control systems from their
responses.

In this chapter, let us discuss the time response of second order system. Consider the following
block diagram of closed loop control system. Here, an open loop transfer function, wn2 / s(s+25w
n) is connected with a unity negative feedback.
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We know that the transfer function of the closed loop control system having
unity negative feedback as

C(s)  Gl(s)
R(s) 1+ G(s)

w2

Substitute, G(s) = F o in the above equation,
(i)
C'(S) - s(s4+2dw,,) B w%_
R(s) 1+( x ) 82 + 20wy s +wh
s(s+2du, )

The power of ‘s’ is two in the denominator term. Hence, the above transfer function is of the
second order and the system is said to be the second order system.

The characteristic equation is -
52 + 20w s +wd =

The roots of characteristic equation are -

~2bn % 4/ (20wn)? — 4B _o(gu 4 VITZT)
§= =

2 2

= 5= —dw, +wy, \.f‘m
* The two roots are imaginary when § = 0.
* The two roots are real and equal when 6 = 1.
* The two roots are real but not equal when & > 1.
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* The two roots are complex conjugate when 0 <5< 1.
We can write C(s) equation as,

Where,

* C(s) is the Laplace transform of the output signal, c(t)

* R(s) is the Laplace transform of the input signal, r(t)

* wn is the natural frequency

* § is the damping ratio.

Follow these steps to get the response (output) of the second order system in the time domain.

Take Laplace transform of the input signal, r(t).

Consider the equation, C(s) = (ﬁ) R(s)

Substitute R(s) value in the above equation.

Do partial fractions of C'(s) if required.

8pply inverse Laplace transform to C(s).
Step Responseof Second Order System

Consider the unit step signal as an input to the second order system.Laplace transform of the
unit step signal is,
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R(s) =
We know the transfer function of the second order closed loop control system
is,

C'(s) wp
R(8) 52 4 28w, s + w2

Case 1: & =
Substitute, § = 0 in the transfer function.

C'(s) w?
R(s) 82 42
= C'(s) = ——) R(s)
2 P
Substitute, R(s) = % in the above equation.

C(s) = ( 2 +w,.) ( ) - 3(32 +w,.)

Apply inverse Laplace transform on both the sides,
c(t) = (1 — cos(wnt)) u(t)

So, the unit step response of the second order system when /delta = 0 will be
a continuous time signal with constant amplitude and frequency.

Case 2: 5 =1

Substitute, /delta = 1 in the transfer function.
C(s) _ wd
R(s) 52 4 2w, s + w2

= O(s) = ) R(s)

(o

Substitute, R(s) = % in the above equation.

C(s) = ((3:3'—%),) (%) T s(s :%w,,)’

Do partial fractions of C'(s).
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oj=—=n A, B, _C
Cos(stwp)? s sHw,  (s+wy)?

After simplifying, you will get the values of A, B and C as 1, —land — w,
respectively. Substitute these values in the above partial fraction expansion of

C(s).

Ol ==~ — e

s s+wn (s +wp)?

Apply inverse Laplace transform on both the sides.
c(t) = (1 — e 0t — w,te ™ )u(t)

So, the unit step response of the second order system will try to reach the step
input in steady state.

Case3:0<0<1

We can modify the denominator term of the transfer function as follows —
52 + 20wns +wl = {32 + 2(s) (dwy) + (an)Q} +w? — (dw,)?
= (5 + 6wy )? + w2 (1 — 6%)

The transfer function becomes,

C(s) W2
R(s)  (5+ dwn)? +w2(1— 482)
w
=<0~ (o raa=m) O

Substitute, R(s) = % in the above equation.

1 = w’% '1‘ — w?l
ks ((s+6wn)2 +ud(1-42) ) () - 5((s+ dwn)? +wh (1~ 82))
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Do partial fractions of C'(s).

Ols) — w2 A Bs +C
'(8) = 2 1,201 _ 42 ";+ 2 1, 2(1_ A2
s((s + dwn)? +wi(1 - 42)) (5 + 0wy )? + ws (1 — 62)

After simplifying, yvou will get the values of A, B and C as 1, —land — 2w,
respectively, Substitute these values in the above partial fraction expansion of
C(s).

Cls) = 1 s + 24wy,
5 (54 dwn)? +wi(1—42)
Cs) = = — s + dwn - Sy
5§ (s+dwn)? +wi(l1-62)  (5+dws)? +wn(l—4?2)
C(s) =1 - (sHan) 4 ( wnV1=8 )
T (s Hw VIR V18 \ (s P+ V16

Substitute, w, V1 — §2 as wy in the above equation.

C(s)—i—- (8 + dwy,) B ) Wa
s (s + dwn)? + w2 V1 =382 \ (s + dwpn)? + 2

Apply iInverse Laplace transform on both the sides.

)
Vi-a?

—dun, t
= ﬁ ((\/'1 — §%) cos(wgt) + Jsin(wdt)) ) u(t)

If V1 — 42 = sin(#), then '&" will be cos(8). Substitute these values in the
above equation.

e(t) = (1 - e_é""'"tcos(wdt) - P i sin(wdt)) u(t)

et = (1

C—Jw.,t
¢c(t) = (1 - ﬁ(sin(é’) cos(wgt) + cos(0) sin(wdt))) u(t)
~dur,
= e(t) = (1 - (i—ﬁ;‘z) sin(wat + a)) u(t)
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So, the unit step response of the second order system is having damped oscillations (decreasing
amplitude) when %’ lies between zero and one.

Case 4:6>1
We can modify the denominator term of the transfer function as follows -

§2 4+ 20w, s +wl = {s2 4+ 2(s5) (dwy) + (an)z} +w? — (dwp)?
= (5 +dwp)® - (6% - 1)

The transfer function becomes,

C(s) wh
R(s) (5 + dw,)? — wi (62 — 1)

w2

(5 + wn)? — w2 (62 — 1)

ﬁcmz( )R

Substitute, R(s) = % in the above equation.

C(s) = = ,_)
(S) ((34'6“"\1)2_(“’“\/62_1)2 (

Do partial fractions of C'(s).

- wd
) (s, VA1) (846, ~w, VEI-1)

@ |-

C(s) = ___u
s(s + dwy +wp V2 —1)(s +dw, —w, Vdé2 —1)
A B C
= — 4+ +

§  s4+0w, twaVi2—-1 s+0w, —w,Vi2-1

1
2é+vé2-1)(Vé2-1)

After simplifying, yvou will get the values of A, B and C as 1,
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-1
26—V -1)(Vé-1)
fraction expansion of C(s).

Cls) =2+ - ( - ,_)

§ 2(0+Vi2-1)(Vé2—-1) \s+dw, +w,Vd2 -1

respectively. Substitute these wvalues in above partial

and

1 =)
(‘2(5 — V82 - 1)(Vé2 -1) ) 8+ dwp — wp V2 — 1
Apply inverse Laplace transform on both the sides.

c(t)

- (1 T ( : )C_w"’" +u, V1)t
2(d+Vé*-1)(Véi-1)

. ( '_1 ) e_(é“‘\: —udy, \(!'62__1):) U(t)
2(é-Vé?-1)(Vé?-1)

Since it is over damped, the unit step response of the second order system when 6 > 1 will never
reach step input in the steady state.

Impulse Responseof SecondOrder System

The impulse response of the second order system can be obtained by using any one of these two
methods.

* Follow the procedure involved while deriving step response by considering the value of
R(s) as 1 instead of 1/s.

* Do the differentiation of the step response.

The following table shows the impulse response of the second order system for 4 cases of the
damping ratio.
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Condition of Damping ratio Impulse response fort = 0

=0 wh sin(wy,t)
0=1 wl te Wt
D o< 1 wh, et i
sin(wgt
(v’1~63 ) (wat)

a > 1 ( wh, ) (e#((ju}u_“(b‘n 'Vftq2+—1)f

2v/42-1

" ,"' 2_ 1y
_ o (dwn +w, V4 1).)

In this chapter, let us discuss the time domain specifications of the second order system. The
step response of the second order system for the underdamped case is shown in the following
figure.

c(t)
A

1.05
1
0.95

0.5 |----------

-
t

T
~ 4
w

0o ia &

All the time domain specifications are represented in this figure. The response up to the settling
time is known as transient response and the response after the settling time is known as steady
state response.

Delay Time
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It is the time required for the response to reach half of its final value from the zero instant. It is
denoted by tdtd.

Consider the step response of the second order system for t > 0, when ‘¢’ lies between zero and
one.

e —du, t

The final value of the step response is one.

Therefore, at t = t;, the value of the step response will be 0.5 Substitute,
these values in the above equation.

e _'éu‘lﬂ tl"

ct):a5:1—(f———
(&2 v1-—4§2

) sin(wgtq + 0)

e—éw“td
= (—) sin(wgtg +6) = 0.5
V1-— 42

By using linear approximation, you will get the delay time tg as

1+0.70
g = —————
Wn
RiseTime

It is the time required for the response to rise from 0% to 100% of its final value. This is applicable
for the under-damped systems. For the over-damped systems, consider the duration from 10% to
90% of the final value. Rise time is denoted by fr.

Att=t1=0, cft) = 0.

We know that the final value of the step response is one. Therefore, at t=t2, the value of step
response is one. Substitute, these values in the following equation.
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—duw, t

e
c(t) =1- (—) sin(wgt + 6)
V1-—4§2
e—dw\;fz
c(tg) =1=1- (—) sin(wgty + )
V1-—4§2

e—du&.fz
= (—) sin(wgte +6) =0
V1-— 42

= sin(wgty +60) =0
S wglyg +0=m

w—0

:>t2: ”
'd

Substitute t; and ts values in the following equation of rise time,

t, =ty —

Wd
From aboveequation,wecan concludethat the rise time tr and the damped frequency wd
are inversely proportional to each other.
Peak Time

It is the time required for the response to reach the peak value for the first time. It is denoted by
tp. At t=tp the first derivate of the response is zero.
We know the step response of second order system for under-damped case is

() =1 (";_.__'M") (wat +6)
c(t) =1-— sin(wyt +
v1-—4§2 4

Differentiate ¢(t) with respect to 't’.

V1— 42

de(t) _( e~ dwnt

" 7 Jz)wdcos(wdtJrB)—(
: L=

) sin(wgqt + 0)
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e—éu.\,f
c(t)=1-— (—-) sin(wgt + 6)
v1— 42

Differentiate ¢(t) with respect to 't’,

dc t _éw'ut _(5 y _""é(.d,,t
®) - — (?—) wg cos(wgt + 0) — ( e ) sin(wgt + 0)
dt V142 V1- 42
Substitute, t = t, and ? = 0 in the above equation.
e—éw,,t,,
0=-— (—62) lwa cos(watp + 60) — duwy, sin(wyt, + 0)]
v1-—

= Wy \;mfcos(wd tp + 0) — dwy sin(wgty, +60) =0
=5 \_f"l——_éf cos(wgty +0) — dsin(waty, +6) =0
= sin(f) cos(wqt, + 8) — cos(f) sin(wyty, +6) =0
= sin(f — wytp — 0) =0
= sin(—wgtp) = 0 = —sin(wyty) = 0 = sin(wytp) =0

= watp =
vt =
= 1p s
From the above equation, we can conclude that the peak time tp and the damped frequency wd
are inversely proportional to each other.

Peak Overshoot

Peak overshoot Mp is defined as the deviation of the response at peak time from the final value
of response. It is also called the maximum overshoot.

Mathematically, we can write it as
Mp=c(tp) - c(c-)

Where,c(tp) is the peak value of the response, c(~) is the final (steady state) value of the
response.

At t=tp, the response c(t) is -
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e—duu“ i

c(t,) =1 - (7
J v1-— 42

) sin(wgtp + 6)

Substitute, t, = -::: in the right hand side of the above equation.

c(tp) =1— (f%i)) sin(wd (i) —}-0)

_ i
e \y1-#

We know that
sin(d) = /1 — §°

So, we wil getc(ty) as

(=)
c(tp) =1+e \V+-#

Substitute the values of ¢(t,) and c(o0) in the peak overshoot equation.

(7)
My=1+e \V*-4/ _1

()
= ﬂ_fp = \h-az

Percentage of peak overshoot %b ﬂ[p can be calculated by using this
formula.
M,

%M, = —— x 100%
o D C(m) o

From the above equation, we can conclude that the percentage of peak overshoot %Mp will
decrease if the damping ratio  increases.

Settling time

It is the time required for the response to reach the steady state and stay within the specified
tolerance bands around the final value. In general, the tolerance bands are 2% and 5%. The
settling time is denoted by ts.
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The settling time for 5% tolerance band is -

3
tg=—— =371
dwn,
The settling time for 2% tolerance band is -
i, = ,4 = 47
0y

Where, 1 is the time constant and is equal to 1/6wn.

* Both the settling time ts and the time constant 1 are inversely proportional to the damping
ratio 0.

* Both the settling time ts and the time constant 1 are independent of the system gain. That
means even the system gain changes, the settling time ts and time constant 1 will never

Example

Let us now find the time domain specifications of a control system having the closed loop
transfer function when the unit step signal is applied as an input to this control system.

We know that the standard form of the transfer function of the second order closed loop control
system as

wh

52 + 20w, 5 + Wi
By equating these two transfer functions, we will get the un-damped natural frequency wn as 2
rad/sec and the damping ratio 6 as 0.5.

We know the formula for damped frequency wd as

e §
Wi =wWnpy1-4

Wy =wpyv1—46
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Substitute, w,, and § values in the above formula.
=Wy = 2\{1 — (05)2
= wyg = 1.732 rad/sec

Substitute, d value in following relation

0 =cos 1§
== 005_1(0.5) = g rad

Substitute the above necessary values in the formula of each time domain specification and
simplify in order to get the values of time domain specifications for given transfer function.

The following table shows the formulae of time domain specifications, substitution of necessary
values and the final values

Time domain Formula Substitution of Final value
specification values in Formula
Delay time iy = “::;7‘5 ity = #‘05) tq4=0.675 sec
i ; _ 76 (%) =
Rise time b, = - t, = 1'?;2 t,=1.207 sec
: _ = — _TF =
Peak time ty = = tp = 1733 tp=1.813 sec
% Peak %M, %M, % M, =16.32%
overshoot o & e
=le \.’m =le 1-(0.5)2
x 100% x 100%
: ; _ 4 . 4 _
Settling time ty = : a is = 052 ts =4 sec
for 2%

tolerance band
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The deviation of the output of control system from desired response during steady state is
known as steady state error. It is represented as ess. We can find steady state error using the
final value theorem as follows.

By = ‘.llnot e(t) = £i£% Ef(s)

Where,

E(s) is the Laplace transform of the error signal, e(t)
Let us discuss how to find steady state errors for unity feedback and non-unity feedback control
systems one by one.

Steady State Errors for Unity Feedback Systems

Consider the following block diagram of closed loop control system, which is having unity
negative feedback.

s > G(s) .

Wwhere,

2 R(s) is the Laplace transform of the reference Input signal r(t)

2 C(s) is the Laplace transform of the output signal ¢(t)

we know the transfer function of the unity negative feedback closed loop
control system as

C(s)  G(s)
R(s) 1+4G(s)
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\ _ R(s)G(s)
=) =160

The output of the summing point is -
E(s) = R(s) — C(s)

Substitute C'(s) value in the above equation.

R(s)G
aa:ma-T%ﬁg
R(s) + R(s)G(s) — R(s)G
- By = T+ RIGU) - Rl
,_ _R(s)
=B = 160m

Substitute E(s) value in the steady state error formula

_y sR(s)
= Fewee)

The following table shows the steady state errors and the error constants for standard input

signals like unit step, unit ramp & unit parabolic signals.

Input signal Steady state error eg;

unit step signal T+,
unit ramp signal ;
unit parabolic signal ;

Error constant

K, = lim,_ G(s)
K, = lim,_ sG(s)

K, = lim,_, s2G(s)

Where, Kp, Kv and Ka are position error constant, velocity error constant and acceleration error

constant respectively.

Note — If any of the above input signals has the amplitude other than unity, then multiply

corresponding steady state error with that amplitude.
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Note — We can’t define the steady state error for the unit impulse signal because, it exists only at

origin. So, we can’t compare the impulse response with the unit impulse input as t denotes
infinity

Example

Let us find the steady state error for an input signal r(t) = (5 + 2t + ;) u(t)

5(s+4
of unity negative feedback control system with G(s) = 53(5::;3120)

The given input signal is a combination of three signals step, ramp and parabolic.

The following table shows the error constants and steady state error values for
these three signals.

Input signal Error constant Steady state error
r1(t) = 5u(t) Ky, =lims 0 G(s) = ¢ Eol = Tsk,, =0
ro(t) = 2tu(t) K, =lim,_,g sG(s) €52 = 2 =0
= 0O
42 . 1
ra(t) = Su(t) K, = lim, o s*G(s) €3 = 3 = 1
=1

We will get the overall steady state error, by adding the above three steady state errors

ess = ess1+ess2+ess3
=@ =0+0+1=1=e3=0+0+1=1
Therefore, we got the steady state error ess as 1 for this example.

Steady State Errorsfor Non-Unity Feedback Systems

Consider the following block diagram of closed loop control system, which is having non unity negative feedback.
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—_—

H(s)

j[e——

C(s)
—

We can find the steady state errors only for the unity feedback systems. So, we have to convert
the non-unity feedback system into unity feedback system. For this, include one unity positive
feedback path and one unity negative feedback path in the above block diagram. The new block

diagram looks like as shown below.

I
R(s) +

G(s)

C(s)

H(s) [«

B

Simplify the above block diagram by keeping the unity negative feedback as it is. The following

is the simplified block diagram

R(s) +

G(s)

"1+ cH(s) - 65

C(s)
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This block diagram resembles the block diagram of the unity negative feedback closed loop
control system. Here, the single block is having the transfer function G(s) / [ 1+G(s)H(s)-G(s)]
instead of G(s).You can now calculate the steady state errors by using steady state error formula
given for the unity negative feedback systems.

Note — It is meaningless to find the steady state errors for unstable closed loop systems. So, we
have to calculate the steady state errors only for closed loop stable systems. This means we
need to check whether the control system is stable or not before finding the steady state errors.
In the next chapter, we will discuss the concepts-related stability.

The various types of controllers are used to improve the performance of control systems. In this
chapter, we will discuss the basic controllers such as the proportional, the derivative and the
integral controllers.

Proportional Controller
The proportional controller produces an output, which is proportional to error signal.
u(t) x e(t)
= u(t) = Kpe(t)
Apply Laplace transform on both the sides -

U(s) = KpE(s)
U(s)
E(s)

Therefore, the transfer function of the proportional controller is KPKP. Where,
U(s) is the Laplace transform of the actuating signal u(t) E(s)

= Kp

is the Laplace transform of the error signal e(t)
KP is the proportionality constant

The block diagram of the unity negative feedback closed loop control system along with the
proportional controller is shown in the following figure.
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R(s) + E(s) U(s) C(s)
Kp > G(S) £ —P
Derivative Controller
The derivative controller produces an output, which is derivative of the error signal.
de(t)
u(t) = K
u(t) <D T

Apply Laplace transform on both sides,
U(s) = KpsE(s)

Uls)
E(s)
Therefore, the transfer function of the derivative controller is KDs.

= Kps

Where, KD is the derivative constant.
The block diagram of the unity negative feedback closed loop control system along with the
derivative controller is shown in the following figure.

R(s) + E(s) U(s) C(s)
Kps p—»| G(s) *—>

The derivative controller is used to make the unstable control system into a stable one.
Integral Controller
The integral controller produces an output, which is integral of the error signal.
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u(t) = Ky ‘/-e(t)dt

Apply Laplace transform on both the sides -

L‘T(S) = I{If(s)
Uls) K
E(s) s

Therefore, the transfer function of the integral controller is %
Where, KKl is the integral constant.

The block diagram of the unity negative feedback closed loop control system along with the
integral controller is shown in the following figure.

E(s) U(s)
e . K;/s sv G(s) .C(sl

The integral controller is used to decrease the steady state error. Let
us now discuss about the combination of basic controllers.
ProportionalDerivative(PD) Controller

The proportional derivative controller produces an output, which is the combination of the
outputs of proportional and derivative controllers.

de(t)

u(t) = Kpe(t) + Kp
dt

Apply Laplace transform on both sides -
U(s) = (Kp + Kps)E(s)

U(s)
E(s)

= Kp + Kps
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Therefore, the transfer function of the proportional derivative controller is KP+KDs.
The block diagram of the unity negative feedback closed loop control system along with the
proportional derivative controller is shown in the following figure.

E U
R(s) + (s) i (s) — .C(sl

The proportional derivative controller is used to improve the stability of control system without
affecting the steady state error.

Proportional Integral(PI) Controller

The proportional integral controller produces an output, which is the combination of outputs of
the proportional and integral controllers.

u(t) = Kpe(t) + K; / e(t)dt
Apply Laplace transform on both sides -

U(s) = (I\’p + ~I—(:£) E(s)

S

;o IKr
=Kp +
E(s) Be s

Therefore, the transfer function of proportional integral controller is K p + %

The block diagram of the unity negative feedback closed loop control system along with the
proportional integral controller is shown in the following figure.
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R(s) +<» E(s) x, | Y(s) C(s)

The proportional integral controller is used to decrease the steady state error without affecting
the stability of the control system.

Proportional Integral Derivative (PID) Controller

The proportional integral derivative controller produces an output, which is the combination of
the outputs of proportional, integral and derivative controllers.

de(t)
dt

u(t) = Kpe(t) + K; / e(t)dt + Kp

Apply Laplace transform on both sides -

U(s) = (Kp P I{Ds) E(s)

s

U(s) K;
=K — + Kps
E(s) ip+ . + K ps

Therefore, the transfer function of the proportional integral derivative controller
. - KI 4
is Kp+ = + Kps.

The block diagram of the unity negative feedback closed loop control system along with the
proportional integral derivative controller is shown in the following figure.

E U
Ris)- (=) Kp‘{‘%’l'KDS (5)’. G(s) AC(sz
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MCQs on Time Response Analysis & PID Controllers (with Answers)

PART A: Standard Test Signals

1. The unit step input is mathematically represented as
A. (u(t)=t)

B. (u(t) =\delta(t))

C. (u(t) =1)for (t\ge 0)

D. (u(t) =t*2)

Answer: C

2. Laplace transform of a unit ramp signal is
A. (\frac{1}{s})

B. (\frac{1}{s"2})

C. (frac{1}{s"3})

D. (\frac{t}{s})

Answer: B

3. The unit impulse signal is used to
A. Test steady-state response

B. Measure transient response

C. Determine system stability

D. Measure static gain

Answer: B

PART B: First-Order System
4. Transfer function of a first-order system is

A. (\frac{1}{s*2 + as + b})
B. (frac{K}{Ts +1})

C. (\frac{K}s(Ts+1)})

D. (frac{1}{s*2})

Answer: B

5. Time constant of a first-order system represents

A. Rise time
B. Time to reach 63.2% of final value
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C. Peak time
D. Settling time

Answer: B

6. The steady-state response of a stable first-order system to step input is
A. Zero

B. Finite constant

C. Infinite

D. Oscillatory

Answer: B

PART C: Characteristic Equation
1. The characteristic equation of a feedback control system is obtained by

A. Setting input to zero

B. Equating denominator of closed-loop transfer function to zero
C. Equating numerator to zero

D. Taking inverse Laplace transform

Answer: B

8. Roots of the characteristic equation determine
A. System gain

B. Steady-state error

C. System stability and transient response

D. Input signal

Answer: C

PART D: Second-Order System
9. Standard form of second-order system is

A. (\frac{1}{s"2})

B. (\frac{lomega_n}{s + \omega_n})

C. (\frac{\omega_n"2}{s*2 + 2\zeta\lomega_n s + \omega_n*2})
D. (frac{1}{Ts +1})

Answer: C

10.The damping ratio (\zeta) determines
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A. Steady-state gain

B. System type

C. Nature of transient response
D. Input signal

Answer: C

11. A second-order system is underdamped when
A. (\zeta=1)

B. (\zeta > 1)

C. (\zeta=0)

D. (0<\zeta<1)

Answer: D

PART E: Time Domain Specifications
12.Rise time is defined as

A. Time to reach 100% of final value
B. Time to reach peak value

C. Time to rise from 10% to 90% of final value
D. Time to reach steady state

Answer: C

13. Peak overshoot occurs only in
A. Overdamped systems

B. Critically damped systems
C. Underdamped systems

D. Unstable systems

Answer: C

14. Settling time depends mainly on
A. Natural frequency

B. Damping ratio

C. Input amplitude

D. System gain only

Answer: B
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PART F: Steady-State Error & Error Constants
15. Steady-state érror is defined as

A. Initial error
B. Maximum error
C. Error as (t \to \infty)

D. Error during transient state

Answer: C

16. Position error constant (K_p) is used for
A. Step input

B. Ramp input

C. Parabolic input

D. Impulse input

Answer: A

17. Velocity error constant (K_v) corresponds to
A. Step input

B. Ramp input

C. Parabolic input

D. Sinusoidal input

Answer: B

18.Acceleration error constant (K_a) is associated with
A. Step input

B. Ramp input

C. Parabolic input

D. Impulse input

Answer: C

PART G: PID Controllers
19. Proportional control mainly affects

A. Steady-state error only

B. Rise time
C. Overshoot only

D. Stability only
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Answer: B

20.Integral control action is used to

A. Increase overshoot
B. Improve stability

C. Eliminate steady-state error
D. Increase bandwidth

Answer: C

21. Derivative control improves
A. Steady-state accuracy

B. System damping

C. Steady-state error

D. DC gain

Answer: B

22.PI controller consists of
A. Proportional and derivative actions

B. Integral and derivative actions
C. Proportional and integral actions
D. Only integral action

Answer: C

23.Adding integral control generally
A. Reduces steady-state error
B. Improves transient response

C. Reduces overshoot
D. Improves stability

Answer: A

24.PD controller is mainly used to
A. Eliminate steady-state error

B. Reduce oscillations
C. Increase error
D. Increase settling time

Answer: B
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25.Which controller gives zero steady-state error for step input?

A. P controller

B. PD controller

C. Pl controller

D. Derivative controller

Answer: C
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UNIT - 111

STABILITY ANALYSIS IN S-DOMAIN

Stability is an important concept. In this chapter, let us discuss the stability of system and types
of systems based on stability.

What is Stability?

A system is said to be stable, if its output is under control. Otherwise, it is said to be unstable. A
stable system produces a bounded output for a given bounded input.

The following figure shows the response of a stable system.

B
0 t

This is the response of first order control system for unit step input. This response has the
values between 0 and 1. So, it is bounded output. We know that the unit step signal has the value
of one for all positive values of t including zero. So, it is bounded input. Therefore, the first order
control system is stable since both the input and the output are bounded.

TypesofSystemsbasedonStability

We can classify the systems based on stability as follows.
* Absolutely stable system
* Conditionally stable system
* Marginally stable system
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Absolutely Stable System

If the system is stable for all the range of system component values, then it is known as the
absolutely stable system. The open loop control system is absolutely stable if all the poles of the
open loop transfer function present in left half of ‘s’ plane. Similarly, the closed loop control
system is absolutely stable if all the poles of the closed loop transfer function present in the left
half of the ‘s’ plane.

Conditionally Stable System

If the system is stable for a certain range of system component values, then it is known as
conditionally stable system.

Marginally Stable System

If the system is stable by producing an output signal with constant amplitude and constant
frequency of oscillations for bounded input, then it is known as marginally stable system. The
open loop control system is marginally stable if any two poles of the open loop transfer function
is present on the imaginary axis. Similarly, the closed loop control system is marginally stable if
any two poles of the closed loop transfer function is present on the imaginary axis. In this
chapter, let us discuss the stability analysis in the ‘s’ domain using the Routh-Hurwitz stability
criterion. In this criterion, we require the characteristic equation to find the stability of the
closed loop control systems.

Routh-HurwitzStability Criterion

Routh-Hurwitz stability criterion is having one necessary condition and one sufficient condition
for stability. If any control system doesn’t satisfy the necessary condition, then we can say that
the control system is unstable. But, if the control system satisfies the necessary condition, then
it may or may not be stable. So, the sufficient condition is helpful for knowing whether the
control system is stable or not.

Necessary Condition for Routh-Hurwitz Stability

The necessary condition is that the coefficients of the characteristic polynomial should be
positive. This implies that all the roots of the characteristic equation should have negative real
parts.

Consider the characteristic equation of the order ‘n’ is -

-1 -2

+.. -:—a,,__.lsl + ansu =

Note that, there should not be any term missing in the nth order characteristic equation. This
means that the nth order characteristic equation should not have any coefficient that is of zero
value.

Sufficient Condition for Routh-Hurwitz Stability
The sufficient condition is that all the elements of the first column of the Routh array should

have the same sign. This means that all the elements of the first column of the Routh array
should be either positive or negative.

n,. .n T
aps +a18 " +ays
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Routh Array Method

If all the roots of the characteristic equation exist to the left half of the ‘s’ plane, then the control
system is stable. If at least one root of the characteristic equation exists to the right half of the
‘s’ plane, then the control system is unstable. So, we have to find the roots of the characteristic
equation to know whether the control system is stable or unstable. But, it is difficult to find the
roots of the characteristic equation as order increases.

So, to overcome this problem there we have the Routh array method. In this method, there is no
need to calculate the roots of the characteristic equation. First formulate the Routh table and
find the number of the sign changes in the first column of the Routh table. The number of sign
changes in the first column of the Routh table gives the number of roots of characteristic
equation that exist in the right half of the ‘s’ plane and the control system is unstable.

Follow this procedure for forming the Routh table.

* Fill the first two rows of the Routh array with the coefficients of the characteristic
polynomial as mentioned in the table below. Start with the coefficient of sn and continue up
to the coefficient of s0.

* Fill the remaining rows of the Routh array with the elements as mentioned in the table
below. Continue this process till you get the first column element of row s0s0 is an. Here, an
is the coefficient of sO in the characteristic polynomial.

Note - If any row elements of the Routh table have some common factor, then you can divide the
row elements with that factor for the simplification will be easy.

The following table shows the Routh array of the nth order characteristic polynomial.
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Example:

Let us find the stability of the control system having characteristic equation,
' +35° +357 +25+1=0

Step 1 - Verify the necessary condition for the Routh-Hurwitz stability.

All the coefficients of the characteristic polynomial,

4 3 2 , 9o
8+ e 38"l 1 are positive. So, the control system satisfies the necessary

condition.
Step 2 - Form the Routh array for the given characteristic polynomial.
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53 3 2
82 (3x3)—(2x1) ¢ (3x1)—(0x1) 3
3 -3 )
=1

st (§x2)—(1x3)

T

3

=%

s? 1

Step 3 - Verify the sufficient condition for the Routh-Hurwitz stability.

All the elements of the first column of the Routh array are positive. There is no sign change in
the first column of the Routh array. So, the control system is stable.

SpecialCasesofRouth Array

We may come across two types of situations, while forming the Routh table. It is difficult to
complete the Routh table from these two situations.

The two special cases are -

* The first element of any row of the Routh’s array is zero.

* All the elements of any row of the Routh’s array are zero.

Let us now discuss how to overcome the difficulty in these two cases, one by one.
First Element of any row of the Routh’s array is zero

If any row of the Routh’s array contains only the first element as zero and at least one of the
remaining elements have non-zero value, then replace the first element with a small positive
integer, €. And then continue the process of completing the Routh’s table. Now, find the number
of sign changes in the first column of the Routh’s table by substituting < tends to zero.

Example
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Let us find the stability of the control system having characteristic equation,

42 45t +24+1=0
Step 1 — Verify the necessary condition for the Routh-Hurwitz stability. All the coefficients of the
characteristic polynomial,
s?+25% +52 +254+1=0
are positive. So, the control system satisfied the necessary condition.
Step 2 - Form the Routh array for the given characteristic polynomial.

s4 1 1 1
5 21 21
8’2 (1x1)—(1x1) =i (1x1)—(0x1) = g

1 1

The row s3 elements have 2 as the common factor. So, all these elements are divided by 2.
Special case (i) —Only the first element of row s2 is zero. So, replace it by [1 and continue the
process of completing the Routh table.

st 1 1 1
s° 1 1
52 ¢ 1
51 (ex1)—(1x1) _ e—1
€ €
0

o
—

Step 3 - Verify the sufficient condition for the Routh-Hurwitz stability.
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As ¢ tends to zero, the Routh table becomes like this.

s { 1 {

o
e

H

—-

52 0 i
st -0
sy 1

There are two sign changes in the first column of Routh table. Hence, the control system is
unstable.

All the Elements of any row of the Routh’s array are zero
In this case, follow these two steps -
* Write the auxilary equation, A(s) of the row, which is just above the row of zeros.

» Differentiate the auxiliary equation, A(s) with respect to s. Fill the row of zeros with these
coefficients.

Example

Let us find the stability of the control system having characteristic equation,
§°+3s' +5° +3s2 +54+3=0

Step 1 - Verify the necessary condition for the Routh-Hurwitz stability.

All the coefficients of the given characteristic polynomial are positive. So, the control system
satisfied the necessary condition.

Step 2 - Form the Routh array for the given characteristic polynomial.
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54 31 31 31
3 (lxl)I(lxl) —0 (lxl)I(lxl) —0

82

s.1

30

The row s? elements have the common factor of 3. So, all these elements are

divided by 3.
Special case (ii) — All the elements of row s

equation, A(s) of the row s*.

are zero. So, write the auxiliary

A(s) =s* +s? +1



dA(s)

=45 + 25
ds
Place these coefficients in row s>,

s> 1 1 1
s 1 { i
s> 42 21
52 (2x1);(1x1) — 0.5 (2x1);(0x1) -
31 (0.5x1)—(1x2)  -15

0.5 0.5

= -3

50 i |

Step 3 - Verify the sufficient condition for the Routh-Hurwitz stability.
There are two sign changes in the first column of Routh table. Hence, the control system is
unstable.

In the Routh-Hurwitz stability criterion, we can know whether the closed loop poles are in on left
half of the ‘s’ plane or on the right half of the ‘s’ plane or on an imaginary axis. So, we can’t find
the nature of the control system. To overcome this limitation, there is a technique known as the
root locus.

Root locus Technique

In the root locus diagram, we can observe the path of the closed loop poles. Hence, we can
identify the nature of the control system. In this technique, we will use an open loop transfer
function to know the stability of the closed loop control system.

Basics of RootLocus

The Root locus is the locus of the roots of the characteristic equation by varying system gain K
from zero to infinity.
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We know that, the characteristic equation of the closed loop control system is
1+G(s)H(s) =0

We can represent G(s)H (s) as

N (s)

G(s)H(s) = K5 =

Where,

2 K represents the multiplying factor

[=

th

N(s) represents the numerator term having (factored) n order

polynomial of 's’.

“ D(s) represents the denominator term having (factored) mth order

polynomial of 's’.

Substitute, G(s)H(s) value in the characteristic equation.

N(s)
D(s)

1+k 0

= D(s) + KN(s) =0
Case 1 ~K=0
If K =0, then D(s) = 0.
That means, the closed loop poles are equal to open loop poles when K is zero.
Case2 - K=o
Re-write the above characteristic equation as

1 N(s)\ - N(s)
I{(“I'{"+D(s))_° T Dy

Substitute, K = oo in the above equation.

1 N(s) N{(s)
~ T DE) -7 D)

=0=N(s)=0

If K = oo, then N(s) = 0. It means the closed loop poles are equal to the open
loop zeros when K is infinity.
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From above two cases, we can conclude that the root locus branches start at open loop poles
and end at open loop zeros.

Angle Condition and Magnitude Condition

The points on the root locus branches satisfy the angle condition. So, the angle condition is used
to know whether the point exist on root locus branch or not. We can find the value of K for the
points on the root locus branches by using magnitude condition. So, we can use the magnitude
condition for the points, and this satisfies the angle condition.

Characteristic equation of closed loop control system is
1 + G(s)H(s) 0
> G () H (») 1 -+ jO

The phase angle of G(s)H (s8) 1=

2G(8)H (%) tan 1( "I ) (22 4+ 1)m
The angle condition is the point at which the angle of the open loop transfer function is an odd
multiple of 1800.
Magnitude of G(s)H(s)G(s)H(s) is -

IG()H ()] = /(~1)? + 0% =1
The magnitude condition is that the point (which satisfied the angle condition) at which the
magnitude of the open loop transfers function is one.

The root locus is a graphical representation in s-domain and it is symmetrical about the real axis.
Because the open loop poles and zeros exist in the s-domain having the values either as real or
as complex conjugate pairs. In this chapter, let us discuss how to construct (draw) the root
Rulesfor Construction of Root Locus

Follow these rules for constructing a root locus.

Rule 1 - Locate the open loop poles and zeros in the's’ plane.

Rule 2 - Find the number of root locus branches.

We know that the root locus branches start at the open loop poles and end at open loop zeros.
So, the number of root locus branches N is equal to the number of finite open loop poles P or the
number of finite open loop zeros Z, whichever is greater.
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Mathematically, we can write the number of root locus branches N as
N=P if P>Z

N=Z if P<Z

Rule 3 - Identify and draw the real axis root locus branches.

If the angle of the open loop transfer function at a point is an odd multiple of 1800, then that point
is on the root locus. If odd number of the open loop poles and zeros exist to the left side of a
point on the real axis, then that point is on the root locus branch. Therefore, the branch of points
which satisfies this condition is the real axis of the root locus branch.

Rule 4 - Find the centroid and the angle of asymptotes.

* [f P=Z, then all the root locus branches start at finite open loop poles and end at finite open
loop zeros.

* If P>Z, then Z number of root locus branches start at finite open loop poles and end at finite
open loop zeros and P-Z number of root locus branches start at finite open loop poles and
end at infinite open loop zeros.

* poles and end at finite open loop zeros.|f P<Z , then P number of root locus branches start
at finite open loop poles and end at finite open loop zeros and Z-P number of root locus
branches start at infinite open loop

So, some of the root locus branches approach infinity, when P=Z. Asymptotes give the direction
of these root locus branches. The intersection point of asymptotes on the real axis is known as
centroid.

We can calculate the centroid a by using this formula,

- 3" Real part of finite open loop poles —3" Real part of finite open loop zeros
- P-Z

The formula for the angle of asymptotes 0 is

g (2q + 1)180°
N P-Z

Where,

q=0,12,....,(P-2)-1
Rule 5 - Find the intersection points of root locus branches with an imaginary axis.
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We can calculate the point at which the root locus branch intersects the imaginary axis and the
value of K at that point by using the Routh array method and special case (ji).

* If all elements of any row of the Routh array are zero, then the root locus branch
intersects the imaginary axis and vice-versa.

* Identify the row in such a way that if we make the first element as zero, then the elements
of the entire row are zero. Find the value of K for this combination.

+ Substitute this K value in the auxiliary equation. You will get the intersection point of the
root locus branch with an imaginary axis.

Rule 6 - Find Break-away and Break-in points.

* If there exists a real axis root locus branch between two open loop poles, then there will
be a break-away point in between these two open loop poles.

* If there exists a real axis root locus branch between two open loop zeros, then there will
be a break-in point in between these two open loop zeros.

Note — Break-away and break-in points exist only on the real axis root locus branches.
Follow these steps to find break-away and break-in points.
* Write K in terms of s from the characteristic equation 1+G(s)H(s)=0.

* Differentiate K with respect to s and make it equal to zero. Substitute these values of ss
in the above equation.

* The values of ss for which the K value is positive are the break points.
Rule 7 - Find the angle of departure and the angle of arrival.

The Angle of departure and the angle of arrival can be calculated at complex conjugate open
loop poles and complex conjugate open loop zeros respectively.

The formula for the angle of departure ¢gis
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¢a = 180" — ¢
The formula for the angle of arrival ¢, is

g raganll) ;

Oq = 180" + ¢

Where,

$=) dp=) bz

Example
Let us now draw the root locus of the control system having open loop transfer
G(s)H(s) =

K
. s(s+1)(s+5)
function,

Step 1 — The given open loop transfer function has three poles at s =0,

s =-1, s =-5. It doesn’t have any zero. Therefore, the number of root locus branches is equal to
the number of poles of the open loop transfer function.

N=P=3
jw
A

Root Locus Branch Root Locus Branch

L N

vas e 4 >
-5 o 0 o

Not a Root Locus Branch

The three poles are located are shown in the above figure. The line segment between s=-1, and
s=0 is one branch of root locus on real axis. And the other branch of the root locus on the real
axis is the line segment to the left of s=-5.

Step 2 — We will get the values of the centroid and the angle of asymptotes by using the given
formulae.

Centroid
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_anl 12av 0
The angle of asymptotes are ? =607, 180" and 300"

The centroid and three asymptotes are shown in the following figure.

Asymptote with 60%angle 7

Asymptote with 180%ngle &

. L= 2
—5 J‘\\\\ -1 0 a

Asymptote with 300%angle ™~

Step 3 - Since two asymptotes have the angles of 600600 and 30003000, two root locus
branches intersect the imaginary axis. By using the Routh array method and special case(ii), the
root locus branches intersects the imaginary axis at jv5 and —7 V"

There will be one break-away point on the real axis root locus branch between the poles s

=-1 and s=0. By following the procedure given for the calculation of break-away point, we will get
it as s =-0.473.

The root locus diagram for the given control system is shown in the following figure.

Brealk away
point=-0.473

—~— azi
7 o~

QY

In this way, you can draw the root locus diagram of any control system and observe the
movement of poles of the closed loop transfer function.
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From the root locus diagrams, we can know the range of K values for different types of damping.
Effects of Adding Open Loop Poles and Zeros on Root Locus
The root locus can be shifted in ‘s’ plane by adding the open loop poles and the open loop zeros.

* If we include a pole in the open loop transfer function, then some of root locus branches
will move towards right half of ‘s’ plane. Because of this, the damping ratio 6 decreases.
Which implies, damped frequency wd increases and the time domain specifications like
delay time td, rise time tr and peak time tp decrease. But, it effects the system stability.

* If we include a zero in the open loop transfer function, then some of root locus branches
will move towards left half of ‘s’ plane. So, it will increase the control system stability. In this
case, the damping ratio 6 increases. Which implies, damped frequency wd decreases and
the time domain specifications like delay time td, rise time tr and peak time tp increase.

So, based on the requirement, we can include (add) the open loop poles or zeros to the transfer
function.
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Example

S +3°% +2s+K =0

S=]m
4
—6F - 36" +2jo+ K = (K- 30°) - ja(0? —2)= 0 {\_ 2
K=6
o =2
K=30"=6 5 -1
-0.423
N j‘ﬁ
\
. Two poles at -1
_ K(@E+2) One zero at -2
GH(s)= (s+1)° One asymptote at 180°
Break-in point at -3
2 |
B+l P+2 t
26+4=p+1
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Example Why a circle ?

Characteristic equation g2 s(2+K)+2K+1=0
For K<4 For K=4

- 2+ K)* j[KA-K) . QB JKE-4)
- 2

& =12 >

L2

" -(-2+K)+j/JKE-K
Change of origin s, +2= Scad 2’ ( )

dm=EK -2 +K@-K)=K*—-4K +4+4K-XK?

m =1

K=2
K=4 mw
e 2
p=-3
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Effects of adding a pole or a zero to the root locus of a second- order system

We discussed how we could change the value of gain K to change the position of the closed-loop
poles. This corresponds to placing a proportional gain, K, in cascade with the system G(s) and
finding the closed-loop poles for different values of gain, K. However, proportional control is a
simple form of control; it does not provide us with zero steady example, in some control design
problems, to produce the performance required in the design specifications we need to move
the poles to some positions on the s-plane, which may not lie on a root locus defined by the
simple proportional gain K. To be able to move the poles to any position on the s-plane, we need
to use a more complicated controller. For example, we may need to add a zero or a pole to the
controller and see how this will affect the root locus and hence the position of the closed-loop
poles. Examples of controllers with poles or zeros are:

K; Kps+ Kj

Pl control: K(s) = Kp + =
S S
. st+l
Lag controller: K(s) = (t, o are controller parameters)
ost+1

Thus, we need to know how the root locus will change if we add a pole or a zero. To investigate
this, we will use a simple example.

Effects of adding a zero on the root locus for a second-order system
Consider the second-order system given by

1
" (s+pls+pa)

Gs) p1 >0, py>0

The poles are given by s =-p1 and s =-p2 and the simple root locus plot for this system is shown
in Figure 13.13(a). When we add a zero at s =-z1 to the controller, the open-loop transfer function
will change to:

B K{S-!-Zl]
T (s+plls+p2)’

Cyll.il Z] >0
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Answer: B

@ 2y
1 b
.U)
B
& Of Pt
£ =P2 =Py
_1.
....2 .
6 -4 -2
Real axis
() 27
1+
5 O —Oe~
E ~P2 ~Py
-1}
-2 .
-6 -4 =2
Real axis

Figure - Effect of adding a zero to a second-order system root locus.
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Below are EXAM-ORIENTED MCQs with answers on “Stability Analysis in S-Domain
(Routh-Hurwitz Criterion) and Root Locus Technique”, suitable for engineering semester exams,
GATE preparation, and internal assessments.

MCQs on Stability Analysis & Root Locus (with Answers)

PART A: Concept of Stability
1. A control system is said to be stable if

A. Output increases with time

B. Output oscillates continuously

C. Output remains bounded for bounded input
D. Output is always zero

Answer: C

2. A system is marginally stable when

A. All poles are in left half of s-plane

B. One pole is at origin

C. Simple poles lie on imaginary axis and others in left half
D. Poles lie in right half plane

Answer: C

3. A system is unstable if

A. All poles are negative

B. Any pole has positive real part
C. All poles are imaginary

D. All poles are zero

Answer: B

PART B: Routh-Hurwitz Stability Criterion
4. Routh-Hurwitz criterion is used td determine

A. Time response

B. Steady-state error
C. Stability of a system
D. System gain

Answer: C
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5. Routh-Hurwitz criterion determines stability
A. By solving characteristic equation

B. By plotting root locus

C. Without computing roots explicitly

D. By time-domain simulation

Answer: C

6. The necessary condition for stability using Routh criterion is
A. All coefficients of characteristic equation must be positive
B. All coefficients must be equal

C. Constant term must be zero
D. Order must be even

Answer: A

7. A sufficient condition for stability using Routh criterion is
A. All coefficients are positive
B. No sign change in first column of Routh array

C. Roots are real
D. Roots are complex

Answer: B

8. The number of roots in the right half s-plane is equal to
A. Number of rows in Routh array

B. Number of sign changes in first column

C. Order of system

D. Degree of nhumerator

Answer: B

9. Qualitative stability refers to

A. Exact pole locations

B. Relative stability

C. Whether system is stable or not
D. Steady-state response

Answer: C
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10. Conditional stability means

A. System is always unstable

B. System is stable for all gain values

C. Stability depends on system parameters
D. System has no poles

Answer: C

11. If a zero appears in the first column of Routh array, it indicates
A. System is stable

B. Symmetrical root distribution

C. Presence of roots on imaginary axis

D. System is unstable

Answer: C

12.A row of zeros in Routh array indicates

A. System is unstable

B. Repeated roots

C. Symmetrical roots about imaginary axis
D. Roots on real axis only

Answer: C

13. Routh-Hurwitz criterion cannot determine
A. Number of unstable roots
B. Absolute stability

C. Relative stability
D. Existence of imaginary axis roots

Answer: C

14. One limitation of Routh-Hurwitz criterion is
A. Applicable only to discrete systems

B. Cannot determine exact pole locations
C. Requires graphical method
D. Works only for first-order systems

Answer: B
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PART C: Root Locus Technique
15. Root locus is defined as

A. Plot of system zeros

B. Plot of poles as gain varies

C. Locus of closed-loop poles as gain varies
D. Locus of open-loop zeros

Answer: C

16. Root locus exists on real axis to the left of
A. Any pole or zero

B. Odd number of poles and zeros
C. Even number of poles and zeros
D. Only poles

Answer: B

17. Number of branches of root locus is equal to

A. Number of zeros
B. Number of poles

C. Number of feedback paths
D. Order of numerator

Answer: B

18. Root locus branches start from

A. Zeros of open-loop transfer function
B. Poles of closed-loop system

C. Poles of open-loop transfer function
D. Zeros of closed-loop system

Answer: C

19. Root locus branches terminate at
A. Open-loop poles

B. Closed-loop poles

C. Open-loop zeros or infinity

D. Imaginary axis only

Answer: C
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20.The asymptotes of root locus are used when
A. Poles equal zeros
B. Poles are greater than zeros

C. Zeros are greater than poles
D. System is unstable

Answer: B

PART D: Effect of Poles and Zeros
21. Adding a zero to (G(s)H(s)) generally

A. Reduces system stability

B. Improves transient response
C. Increases settling time

D. Increases steady-state error

Answer: B

22.Adding a pole to (G(s)H(s)) generally
A. Improves stability

B. Improves speed of response

C. Reduces system stability

D. Eliminates steady-state error

Answer: C

23.Root locus moves toward the
A. Left half plane when zero is added

B. Right half plane when zero is added
C. Origin when pole is added
D. Imaginary axis when pole is removed

Answer: A

24.The angle of departure is calculated from
A. Zeros only

B. Poles only

C. Both poles and zeros

D. Gain only

Answer: C
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25.Root locus technique is mainly used to
A. Test steady-state error

B. Design controllers

C. Solve differential equations

D. Compute Laplace transform

Answer: B
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UNIT-IV
FREQUENCY RESPONSE ANALYSIS

What is Frequency Response?

The response of a system can be partitioned into both the transient response and the steady
state response. We can find the transient response by using Fourier integrals. The steady state
response of a system for an input sinusoidal signal is known as the frequency response. In this
chapter, we will focus only on the steady state response.

If a sinusoidal signal is applied as an input to a Linear Time-Invariant (LTI) system, then it
produces the steady state output, which is also a sinusoidal signal. The input and output
sinusoidal signals have the same frequency, but different amplitudes and phase angles. Let the
input signal be

r(t) = A sin(wot)
The open loop transfer function will be —
G(s) = G(jw)
We can represent G(jw) in terms of magnitude and phase as shown below.
G(jw) = |G(jw)| £G(jw)
Substitute, w = wyp In the above equation.
G(jwo) = |G(Jwo) | LG (Jwo)
The output signal is
c(t) = A|G(Jwo)| sin(wot + £ZG(Jwp))

' The amplitude of the output sinusoidal signal is obtained by multiplying
the amplitude of the input sinusoidal signal and the magnitude of G(jw)
atw = wy.

' The phase of the output sinusoidal signal is obtained by adding the
phase of the input sinusoidal signal and the phase of G(jw) at w = wy.

Where,

* A is the amplitude of the input sinusoidal signal.

* w0 is angular frequency of the input sinusoidal signal.
We can write, angular frequency w0 as shown below.
w0=2xf0
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Here, fO is the frequency of the input sinusoidal signal. Similarly, you can follow the same
procedure for closed loop control system.

Frequency Domain Specifications

The frequency domain specifications are
* Resonant peak
* Resonant frequency

* Bandwidth.
Consider the transfer function of the second order closed control system as

C(s) w2

R(s) 52 +26w,s +w?

Substitute, s = jw in the above equation.

. w2
(Jw)? + 26wn (jw) + wp
2 2
, Wi wh
= T(jw) = : =
—w? + 2jbwwn +wd w2 (1_ +&)
= T(jw) =
b
(1- —) +i(%2)
Let, Mi = u Substitute this value in the above equation.
1
T(w) =
) = A=) + 20w
Magnitude of T'(jw) is -
. 1
M = [T (jw)| =

V(1 — u?)? + (26u)?

Phase of T'(jw) is -
/T (jw) = —tan™? ( 2y )

1_.u2

126



Resonant Frequency

It is the frequency at which the magnitude of the frequency response has peal
value for the first time. It is denoted by w,

. At w = wy, the first derivate of the
magnitude of T'(jw) is zero.

Differentiate M with respect to wu.

%%I N _%[(1 —u?)? + (2602 T [2(1 - u?)(—2u) + 2(26u)(26)]
- df;f = (1w + 2607 7 [4u(® - 1+25)]

Substitute, w = u, and aM _ _

= 0 in the above equation.

0=~ [(1—ud)? + (26ur)?) ¥ [dur(ud — 1+25%)]
= du,(u2 —1+2§2) =0
=S u2—1+2§2=0
= u?2 = 1— 242

= Up = \/1—26!

Substitute, u, = :)‘i in the above equation,

“ = /1-28°

Wy
=W =wny1—24
Resonant Peak

Itis the peak (maximum) value of the magnitude of T(jw). It is denoted by Mr. At
u=ur, the Magnitude of T(jw) is -

M, = -
\/(1 — u?)? + (20u,)?

Substitute, #, = V1 — 262 and 1 — w2 = 262 in the above equation.

M = s
\/(262)2 + (26 V1 — 262)2
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1
20V 1 — 62

I

"';1IT' —

Resonant peak in frequency response corresponds to the peak overshoot in the time domain
transient response for certain values of damping ratio 65. So, the resonant peak and peak
overshoot are correlated to each other.
Bandwidth
It is the range of frequencies over which, the magnitude of T(jw) drops to 70.7% from its zero
frequency value.
At w=0, the value of u will be zero.
Substitute, u=0in M.

M=— ! =1

\,.f"(l — 0%)2 + (24(0))2

Therefore, the magnitude of T(jw) is one at w=0
At 3-dB frequency, the magnitude of T(jw) will be 70.7% of magnitude of T(jw)) at w=0
Le., atw=wg, M = 0.707(1) = Tl"f
1
V(L= ud)? + (26w,)?

1
V2
= 2= (1-ud)? + (20)%u?

Let, 'ug =2
= 2 = (1-2)? + (26)%z
=224+ (462-2)z2-1=0

=2 = —(46® - 2) + /(467 - 2)2 +4
=z = :
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Consider only the positive value of x.

z=1-262 + \;"(26 2 1% 41

=2 =1-26"+ /(2 - 46* + 44)

Sl&

Substitute, z = u} =

w? )
— =1-26%+ v (2- 45® + 46%)

ap—— \I.,:".l ~ 262 + /(2 - 46% + 48

Bandwidth wb in the frequency response is inversely proportional to the rise time tr in the time
domain transient response.

Bode plots
The Bode plot or the Bode diagram consists of two plots -

* Magnitude plot
* Phase plot

In both the plots, x-axis represents angular frequency (logarithmic scale). Whereas, yaxis
represents the magnitude (linear scale) of open loop transfer function in the magnitude plot and
the phase angle (linear scale) of the open loop transfer function in the phase plot.

The magnitude of the open loop transfer function in dB is -
M = 20 log |G(jw) H(je)

The phase angle of the open loop transfer function in degrees is -
$ = £G(jw) H(jw)

Basic of Bode Plots

The following table shows the slope, magnitude and the phase angle values of the terms present
in the open loop transfer function. This data is useful while drawing the Bode plots.
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Type of
term

Constant

Zero at
origin

‘N’ zeros
at origin

Pole at
origin

‘N’ poles
at orgin

Simple
zero

Simple
pole

Second
order
derivative
term

Second
order
integral
term
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G(jw)HH(jw)

K

(Je)™

¥l

—
(x)™

1 + jeor

w,z,(l—*‘ﬁ-{

(ue,
2 jbw
iu-!'..

Slope(dB/dec)

0

20

20 72

—20

—20 72

20

—20

40

—40

Magnitude
(dB)

20 log K

20 log w

20 72 log w
—20 log w
—20 22 log w

0 forw

< 1

20 logwr
forw > %

0 forw
<
—20 logwr

forw > 1

=
40 log wp,
forw < wy

20 log
(26w3) for
W= wp

40 log w
forw > wy,

—40 log wy,
forw < wy,
—20 log
(26w) for
W= Wp
—40 log w
forw > wy

Phase

angle(degrees)

0

20

90 72
—90 or 270
900 722 or 270

rn

0 forw < %

90 for w = %»

0forw<%

—90 or 270
forw > %

0 forw < wy

90 forw = wp

180 for w
> Wp

—0 forw
< Wy

—90 forw
= Wp

—180 forw
= Wy



Consider the open loop transfer function G(s)H(s) = K.

Magnitude M = 20 log K dB

Phase angle @ = 0 degrees

If K = 1, then magnitude is O dB.

If K > 1, then magnitude will be positive.

If K < 1, then magnitude will be negative.

The following figure shows the corresponding Bode plot.

M (dB)
A
K>1
201log K |--========mmmmmmmmmmmeeeee
K=1
b
5 log w
—20log K |-----=====mmmemmee e
0<K<1
¢ (degrees)
A
O0<K<o
0 >
log w

The magnitude plot is a horizontal line, which is independent of frequency. The 0 dB line itself is
the magnitude plot when the value of K is one. For the positive values of K, the horizontal line will
dB line. For the negative values of K, the horizontal line will shift
20logK dB below the 0 dB line. The Zero degrees line itself is the phase plot for all the positive

shift 20logK dB above the 0

values of K.
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Consider the open loop transfer function G(s)H(s)=s
Magnitude M=20logw dB

Phase angle $=900

At w=0.1rad/sec, the magnitude is -20 dB. At

w=1rad/sec, the magnitude is 0 dB.

At w=10 rad/sec, the magnitude is 20 dB.

The following figure shows the corresponding Bode plot.

M (dB)
A
20 + /
0/0.1 1 i0 log @
—~20 -

0 (degrees)
' 3

20

0 >
log

The magnitude plot is a line, which is having a slope of 20 dB/dec. This line started at [
=0.1rad/sec having a magnitude of -20 dB and it continues on the same slope. It is touching 0 dB
line at w=1 rad/sec. In this case, the phase plot is 90°line.

Consider the open loop transfer function G(s)H(s)=1+sT.

M = / 2.2
Magnitude M =20logv1+wT* dB

¢ = tan~! wr degrees
Phase angle

54
For “ = 7, the magnitude is 0 dB and phase angle is 0 degrees.
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For “” 7 , the magnitude is 20logwt dB and phase angle is 900.
The following figure shows the corresponding Bode plot

M (dB
£ )
20 +
»
0 log w
o (degrees)
A
90
0 »
1 10 logw
T T

The magnitude plot is having magnitude of 0 dB upto w=1tw=1t rad/sec. From w=1t rad/sec, it is
having a slope of 20 dB/dec. In this case, the phase plot is having phase angle of 0 degrees up to
w=17 rad/sec and from here, it is having phase angle of 900. This Bode plot is called the
asymptotic Bode plot.

As the magnitude and the phase plots are represented with straight lines, the Exact Bode plots
resemble the asymptotic Bode plots. The only difference is that the Exact Bode plots will have
simple curves instead of straight lines.

Similarly, you can draw the Bode plots for other terms of the open loop transfer function which
are given in the table.

Rulesfor Construction of Bode Plots

Follow these rules while constructing a Bode plot.
* Represent the open loop transfer function in the standard time constant form.

* Substitute, s=jws=jw in the above equation.

* Find the corner frequencies and arrange them in ascending order.

* Consider the starting frequency of the Bode plot as 1/10th of the minimum corner
frequency or 0.1 rad/sec whichever is smaller value and draw the Bode plot upto 10 times
maximum corner frequency.

* Draw the magnitude plots for each term and combine these plots properly.
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* Draw the phase plots for each term and combine these plots properly.

Note — The corner frequency is the frequency at which there is a change in the slope of the
magnitude plot.

Example
Consider the open loop transfer function of a closed loop control syste

10s
Gls)H(s) = (5+2)(s+5)

Let us convert this open loop transfer function into standard time constant
form.

10s
2(3+1)5¢(

£+

s

(1+3)(1+3)

= G(s)H(s) =

So, we can draw the Bode plot in semi log sheet using the rules mentioned
earlier.
Stability Analysisusing Bode Plots

From the Bode plots, we can say whether the control system is stable, marginally stable or
unstable based on the values of these parameters.

* Gain cross over frequency and phase cross over frequency
* Gain margin and phase margin

Phase Cross over Frequency

The frequency at which the phase plot is having the phase of -1800 is known as phase cross over
frequency. It is denoted by wpc. The unit of phase cross over frequency is rad/sec.
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Gain Cross over Frequency

The frequency at which the magnitude plot is having the magnitude of zero dB is known as gain
cross over frequency. It is denoted by wgc. The unit of gain cross over frequency is rad/sec.

The stability of the control system based on the relation between the phase cross over
frequency and the gain cross over frequency is listed below.

* If the phase cross overfrequency wpc is greater than the gain cross over frequency w
gc, then the control system is stable.

* If the phase cross over frequency wpc is equal to the gain cross over frequency wgc,
then the control system is marginally stable.

* If the phase cross over frequency wpcis less than the gain crosses over frequency wgc,
then the control system is unstable.

Gain Margin

Gain margin GMGM is equal to negative of the magnitude in dB at phase cross over frequency.
GM=20log(1Mpc)=20logMpc

Where, MpcMpc is the magnitude at phase cross over frequency. The unit of gain margin (GM) is

dB.
Phase Margin

The formula for phase margin PMPM is
PM=1800+¢gc

Where, ¢pgc is the phase angle at gain cross over frequency. The unit of phase margin is
degrees.

Y NOTE:

The stability of the control system based on the relation between gain margin and phase margin
is listed below.

* If both the gain margin GM and the phase margin PM are positive, then the control
system is stable.

* If both the gain margin GM and the phase margin PM are equal to zero, then the control
system is marginally stable.

If the gain margin GM and / or the phase margin PM arelis negative, then the control
system is unstable.

Polar plots
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Polar plot is a plot which can be drawn between magnitude and phase. Here, the magnitudes are

represented by normal values only.

The polar form of G(jw)H (jw) is

G(jw)H (jw) = |G(jw) H (jw)| £G(juw) H (jw)

The Polar plot is a plot, which can be drawn between the magnitude and the

phase angle of G(jw)H (jw) by varying w from zero to co. The polar graph

sheet is shown in the following figure.

105*

120*

135°
150°

165° -

130*

s

210°
'5-

240"

- 345°

< 330°

315°

._\ A 300°

285*

This graph sheet consists of concentric circles and radial lines. The concentric circles and the
radial lines represent the magnitudes and phase angles respectively. These angles are
represented by positive values in anti-clock wise direction. Similarly, we can represent angles
with negative values in clockwise direction. For example, the angle 2700 in anti-clock wise
direction is equal to the angle -900 in clockwise direction.

Rules for Drawing Polar Plots

Follow these rules for plotting the polar plots.

* Substitute, s=jw in the open loop transfer function.

* Write the expressions for magnitude and the phase of G(jw)H(jw)

* Find the starting magnitude and the phase of G(jw)H(jw) by substituting w=0. So, the
polar plot starts with this magnitude and the phase angle.
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* Find the ending magnitude and the phase of G(jw)H(jw) by substituting w=c« So, the
polar plot ends with this magnitude and the phase angle.

* Check whether the polar plot intersects the real axis, by making the imaginary term
of G(jw)H(jw) equal to zero and find the value(s) of w.

+ Check whether the polar plot intersects the imaginary axis, by making real term of
G(jw)H(jw) equal to zero and find the value(s) of w.

* For drawing polar plot more clearly, find the magnitude and phase of G(jw)H(jw) by
considering the other value(s) of .

Example
Consider the open loop transfer function of a closed loop control system.
5

s(s+ 1)(s + 2)

G(s)H (s) -

Let us draw the polar plot for this control system using the above rules.
Step 1 — Substitute, s = jw in the open loop transfer function.

5

G (jw) H (jw)

Jw(jw + 1) (jw + 2)
The magnitude of the open loop transfer function IS

5

"‘1

w(Vew?2 4+ 1) (Vew? + 4)

The phase angle of the open loop transfer function is

b 00" tan ! w tan ! —
Frequency (rad/sec) Magnitude Phase angle(degrees)
0 co -390 or 270
0 0 -270 or 90

So, the polar plot starts at (~,~900) and ends at (0,-2700). The first and the second terms within
the brackets indicate the magnitude and phase angle respectively.

Step 3 - Based on the starting and the ending polar co-ordinates, this polar plot will intersect the
negative real axis. The phase angle corresponding to the negative real axis is -1800 or 1800. So,
by equating the phase angle of the open loop transfer function to either 1800 or 1800, we will
get the w value as 2.
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By substituting w=12 in the magnitude of the open loop transfer function, we will get M=0.83.
Therefore, the polar plot intersects the negative real axis when w=12 and the polar coordinate is
(0.83,-1800).

So, we can draw the polar plot with the above information on the polar graph sheet.
Nyquist Plots

Nyquist plots are the continuation of polar plots for finding the stability of the closed loop
control systems by varying w from -« to «. That means, Nyquist plots are used to draw the
complete frequency response of the open loop transfer function.

NyquistStability Criterion

The Nyquist stability criterion works on the principle of argument. It states that if there are P
poles and Z zeros are enclosed by the ‘s’ plane closed path, then the corresponding
G(s)H(s)G(s)H(s) plane must encircle the origin P-ZP-Z times. So, we can write the number of
encirclements N as,

N=P-ZN=P-Z
* If the enclosed ‘s’ plane closed path contains only poles, then the direction of the
encirclement in the G(s)H(s)G(s)H(s) plane will be opposite to the direction of the enclosed
closed path in the ‘s’ plane.
* If the enclosed ‘s’ plane closed path contains only zeros, then the direction of the

encirclement in the G(s)H(s)G(s)H(s) plane will be in the same direction as that of the
enclosed closed path in the ‘s’ plane.

Let us now apply the principle of argument to the entire right half of the's’ plane by selecting it
as a closed path. This selected path is called the Nyquist contour.

We know that the closed loop control system is stable if all the poles of the closed loop transfer
function are in the left half of the's’ plane. So, the poles of the closed loop transfer function are
nothing but the roots of the characteristic equation. As the order of the characteristic equation
increases, it is difficult to find the roots. So, let us correlate these roots of the characteristic
equation as follows.

* The Poles of the characteristic equation are same as that of the poles of the open loop
transfer function.
* The zeros of the characteristic equation are same as that of the poles of the closed loop
transfer function.

We know that the open loop control system is stable if there is no open loop pole in the the right
half of the ‘s’ plane.

i.e.,P=0=>N=-2ZP=0=N=-Z
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We know that the closed loop control system is stable if there is no closed loop pole in the right
half of the ‘s’ plane.

i.e.,Z=0=>N=PZ=0=>N=P
Nyquist stability criterion states the number of encirclements about the critical point (1+j0) must
be equal to the poles of characteristic equation, which is nothing but the poles of the open loop

transfer function in the right half of the ‘s’ plane. The shift in origin to (1+j0) gives the
characteristic equation plane.

Rules for Drawing NyquistPlots
Follow these rules for plotting the Nyquist plots.

* Locate the poles and zeros of open loop transfer function G(s)H(s) in ‘s’ plane.

* Draw the polar plot by varying w from zero to infinity. If pole or zero present at s =0,
then varying w from 0+ to infinity for drawing polar plot.

+ Draw the mirror image of above polar plot for values of w ranging from -« to zero (0-
if any pole or zero present at s=0).

* The number of infinite radius half circles will be equal to the number of poles or zeros
at origin. The infinite radius half circle will start at the point where the mirror image of
the polar plot ends. And this infinite radius half circle will end at the point where the

After drawing the Nyquist plot, we can find the stability of the closed loop control system using
the Nyquist stability criterion. If the critical point (-1+j0) lies outside the encirclement, then the
closed loop control system is absolutely stable.

Stability Analysisusing Nyquist Plots

From the Nyquist plots, we can identify whether the control system is stable, marginally stable
or unstable based on the values of these parameters.

* Gain cross over frequency and phase cross over
frequency
+ Gain margin and phase margin

Phase Cross over Frequency

The frequency at which the Nyquist plot intersects the negative real axis (phase angle is 1800) is
known as the phase cross over frequency. It is denoted by wpc.

Gain Cross over Frequency

The frequency at which the Nyquist plot is having the magnitude of one is known as the gain cross
over frequency. It is denoted by wgc.

The stability of the control system based on the relation between phase cross over frequency
and gain cross over frequency is listed below.
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* If the phase cross over frequency wpc is greater than the gain cross over
frequency wgc, then the control system is stable.

* If the phase cross over frequency wpc is equal to the gain cross over frequency
wgc, then the control system is marginally stable.

* If phase cross over frequency wpc is less than gain cross over frequency wgc,
then the control system is unstable.

Gain Margin

The gain margin GM is equal to the reciprocal of the magnitude of the Nyquist plot at the phase
cross over frequency.

1
M,

Where, Mpc is the magnitude in normal scale at the phase cross over frequency.

GM =

Phase Margin

The phase margin PM is equal to the sum of 1800 and the phase angle at the gain cross over
frequency.

PM=1800+dgc
Where, dgc is the phase angle at the gain cross over frequency.

The stability of the control system based on the relation between the gain margin and the phase
margin is listed below.

* If the gain margin GM is greater than one and the phase margin PM is positive,
then the control system is stable.

* If the gain margin GMs equal to one and the phase margin PM is zero degrees,
then the control system is marginally stable.

* If the gain margin GM is less than one and / or the phase margin PM is negative,
then the control system is unstable.
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MCQs on Frequency Response Analysis (with Answers)

PART A: Introduction to Frequency Response
1. Frequency response of a control system is the response

A. Due to step input

B. Due to impulse input
C. Due to sinusoidal input
D. Due to ramp input

Answer: C

2. Frequency response analysis is mainly used for
A. Non-linear systems

B. Transient response

C. Steady-state sinusoidal response

D. Time-domain response

Answer: C

3. Frequency response techniques are applicable mainly to
A. Non-linear systems

B. Linear time-invariant systems

C. Discrete-time systems only

D. Time-varying systems

Answer: B

PART B: Frequency Domain Specifications

4. Gain of a system in frequency domain is expressed in

A. Neper

B. Radian
C. Decibel (dB)
D. Second

Answer: C

5. Phase of a system is measured in

A. Decibel
B. Hertz
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C. Radian or degree
D. Second

Answer: C

6. Bandwidth of a control system represents

A. Frequency at which phase is zero

B. Range of frequencies for acceptable performance
C. Maximum frequency of input

D. Frequency at which gain is infinite

Answer: B

PART C: Bode Plot
7. A Bode plot consists of

A. Gain plot only

B. Phase plot only

C. Magnitude and phase plots
D. Polar plot

Answer: C

8. In a Bode plot, frequency is plotted on

A. Linear scale
B. Logarithmic scale

C. Semi-log scale
D. Quadratic scale

Answer: B

9. Magnitude in Bode plot is plotted on

A. Linear scale
B. Logarithmic scale

C. Semi-log scale
D. Polar scale

Answer: C

10.The slope of magnitude plot for a pole is
A. +20 dB/decade
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B. -20 dB/decade
C. +40 dB/decade
D. -40 dB/decade

Answer: B

11. The slope of magnitude plot for a zero is

A. -20 dB/decade
B. +20 dB/decade
C. -40 dB/decade
D. +40 dB/decade

Answer: B

PART D: Gain Margin & Phase Margin

12.Gain Margin is measured at
A. Phase crossover frequency
B. Gain crossover frequency
C. Resonant frequency

D. Bandwidth frequency

Answer: A

13. Phase Margin is measured at
A. Phase crossover frequency
B. Gain crossover frequency
C. Natural frequency

D. Resonant frequency

Answer: B

14. Phase crossover frequency is the frequency at which
A. Gain is unity

B. Gain is maximum
C. Phase is -180°
D. Phaseis 0°

Answer: C

15. Gain crossover frequency is the frequency at which
A. Phase is -90°
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B. Phase is -180°
C. Gainis0dB
D. Gain is maximum

Answer: C

16.A positive phase margin indicates

A. Unstable system
B. Marginally stable system

C. Stable system
D. Oscillatory system

Answer: C

PART E: Stability from Bode Plot

17. A system is stable if

A. Gain margin is zero

B. Phase margin is negative

C. Gain margin and phase margin are positive
D. Gain margin is infinite

Answer: C

18.Negative gain margin indicates
A. Stable system

B. Unstable system

C. Marginally stable system

D. Overdamped system

Answer: B

19. Increase in gain margin generally
A. Reduces stability
B. Improves relative stability

C. Reduces bandwidth
D. Increases steady-state error

Answer: B
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PART F: Polar Plot
20.Polar plot is a plot of

A. Magnitude vs frequency

B. Phase vs frequency

C. Magnitude vs phase

D. Real part vs imaginary part

Answer: D

21. Polar plot is drawn by varying

A. Gain
B. Phase
C. Frequency

D. Time
Answer: C

22.Polar plot of a stable system

A. Passes through origin

B. Encircles (-1, 0) point

C. Does not encircle (-1, 0) point
D. Lies only in right half plane

Answer: C

23.Nyquist stability criterion is based on
A. Bode plot

B. Root locus
C. Polar plot

D. Time response

Answer: C

PART G: Conceptual / GATE-Oriented MCQs
24.Bode plot is preferred over polar plot because
A. Itis simpler

B. It uses linear scale
C. It converts multiplication into addition

D. It shows transient response
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Answer: C

25.Gain margin in dB is defined as

A. Reciprocal of gain

B. Difference between actual gain and unity gain

C. Amount by which gain can be increased before instability
D. Gain at resonance

Answer: C
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UNIT -V
STATE SPACE ANALYSIS OF CONTINUOUS SYSTEMS

The state space model of Linear Time-Invariant (LTI) system can be represented as,
X =AX+BU
Y=CX+DU

The first and the second equations are known as state equation and output equation
respectively.

Where,

* Xand X" are the state vector and the differential state vector respectively.
* U and Y are input vector and output vector respectively.

* A is the system matrix.

* B and C are the input and the output matrices.

* D is the feed-forward matrix.

Basic Concepts of State Space Model
The following basic terminology involved in this chapter.

State

It is a group of variables, which summarizes the history of the system in order to
predict the future values (outputs).

State Variable

The number of the state variables required is equal to the number of the storage
elements present in the system.

Examples - current flowing through inductor, voltage across capacitor

State Vector
It is a vector, which contains the state variables as elements.

In the earlier chapters, we have discussed two mathematical models of the control
systems. Those are the differential equation model and the transfer function model.

State Space Modelirom Differential Equation

Consider the following series of the RLC circuit. It is having an input voltage, vi(t) and
the current flowing through the circuit is i(t).

i(t) R L
— MWN— N ——
id +
Vf(t) Vo(t) -C
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There are two storage elements (inductor and capacitor) in this circuit. So, the number of the
state variables is equal to two and these state variables are the current flowing through the
inductor, i(t) and the voltage across capacitor, vc(t).

From the circuit, the output voltage, vO(t) is equal to the voltage across capacitor, vc(t).

Apply KVL around the loop.

vi(t) = Ri(t) + L(hd# + v (t)
Cdi(t)  Ri(t)  we(t) | wi(t)
"% - & & &

The voltage across the capacitor is -

ve(t) = % /'-s(t)df.

Differentiate the above equation with respect to time.

du.(t) - i(t)
dt — C

State vector, X = |: i(2) ]
1"nr:'(t)

di(t)
ot
du-(t)
Tatr

Differential state vector, X =

We can arrange the differential equations and output equation into the standard
form of state space model as,

3 [—~% =1L INE,
X=|. - [ ]+[L][t',(t)|
% & 0 | Lve(®) 0

[ (¢
Y =0 HU%J

Where,
R S | 1
A:[L ﬂ-B:[d-C:w 1] and D = [0]
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StateSpaceModelfromTransfer Function

Consider the two types of transfer functions based on the type of terms present in the
humerator.

+ Transfer function having constant term in Numerator.
+ Transfer function having polynomial function of‘s’ in Numerator.

Transfer function having constant term in Numerator
Consider the following transfer function of a system

Y(s) bo
U(s) 8™ +a, 18" 14...4a;8+ qg

Rearrange, the above equation as
(8" + @p_18™ 1 4... +ag)Y (8) = by U(s)

Apply inverse Laplace transform on both sides.

d"y(t) d”'y(¢) dy(t)
T + (:,,_IW +...+ay ey + agy(t) = byu(t)
Let
y(t) ==,
dy(t .
!c’l(t = 2= iy
2y(t
ddig =2y = 2
d”'y(t) _
'dt"—_l =Ty = Tp-1
dy(t) _ .
dem "
And u(t)=u
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Then,
Tpn+ AQp1Tn+t...+a122+ agxr1 = bou
From the above equation, we can write the following state equation.
Ty = —A0T1 = A1 T3~ .. =Ap_1Tp + U

The output equation is -

Y(it)=yv=mx
The state space model is -
T i T
)
X=] :
Zi,‘"_]_
| Tn
(0 1 0 0 0 1 = 0 |
0 0 1 0 0 Ty 0
— ; +
0 0 0 0 1 B 1 0
| —Qp —Q; —Q —0p.2 —Qu_1 ] L Tm | by _
T gy *
T2
Y=[1 0 0 o] :
Ty 1
- :rﬂ. -
Here, D=[0].

150



Example:
Find the state space model for the system having transfer function.

Y(s) 1
U(s) s2+s+1

Rearrange, the above equation as,
(s + 5+ 1)Y(s) = U(s)
Apply inverse Laplace transform on both the sides.

2
dy(®) | dy(t)

342 3 TyE) =uld)
Let
y(t) = =1
i) Ty = 1
dt
and u(t) = u
Then, the state equation is
Tg=—T1—Tog+U
The output equation is
y(t) =y =2

The state space model is

=[] = 15 LG+ (]m

Y=[1 0] -x‘]

[ T2

Transfer function having polynomial function of ‘s’ in Numerator Consider the following transfer
function of a system
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Y(s) bps" +b WP o K N S Y

Ul(s) - 4+ Ap_15" 4. .. +a15s +ag
¥
= (5) = ( ! )(b,,s" 4+ b,18™ ... by
U(s) s" +an-18"14... +a15 +ag
+b0)

The above equation is in the form of product of transfer functions of two blocks,
which are cascaded.

- () (2)

Here,

Vis) 1
Ul(s) §" +ap-18"1+... +a15 +ag

Rearrange, the above equation as
(8™ +@pp18" 4. .. +ag)V(s) = U (s)

Apply inverse Laplace transform on both the sides.

dA™wv(t) aA” lu(e) du(t)
—_—r g —— e, () = w(t
T n=1=Ser—1 +aq — + agv(t) w(t)
Let
v(t) = x4
dv((2) 2
S — — — x
At .
A?v(2) o o
—ae = ra =i
d"""'v(t) o .
W == W T -1
d™ v (t .
dt'(' L =z,
and u(t)=u

Then, the state equation is
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Ty = —QQT] — A1T2—- .- —Apn-1Ty +U
Consider,

Y (s)
V(s)

= b,s™ +b,_15" 1 +... +by5 + by

Rearrange, the above equation as

Y(S) _ (bﬂsﬂ + bﬂ_l Sﬂ—l +... +b18 -+ bo)V(S)

Apply inverse Laplace transform on both the sides.

d"v(t) d™ 1u(t)
T — + bﬂ— R ———— +. - =
dtm L aen1

du(t)
dt

By substituting the state variables and y(t) = y in the above equation, will get
the output equation as,

y(t) = b,

+by + bov(t)

Substitute, &,, value in the above equation.
Y = bp(—asz1 —a122—. .. —@n-1Zn +u) + b 12+ .. +b1 23 + boz)

Yy = (bp — bpag)xy + (by — bpay)zxa+... +(by-1 — bpan—1)x, +byu

The state space model is

T
)
X=1 :
i'n-l
| &y
[0 1 0 0 0 1 [ =1 K i
0 0 1 0 0 xa 0
= : : : : : + [2]
0 0 0 S 0 1 - Ol | 0
| —ap —a1 —ag ... —Qpn-2 —Qp-1] L Za | | bo |
" e T
xo
Y=[bp—bao by —bpay -.- bp-2—bpan-2 bn_1 —bran_i] :
Tn-1
| Tqp




Ifb,, = 0, then,

Y= lbU by ... bpoa bﬂ—ll

Transfer FunctionfromState Space Model

We know the state space model of a Linear Time-Invariant (LTl) system is -
X=AX+BU
Y=CX+DU

Apply Laplace Transform on both sides of the state equation.

sX(s) =AX(s)+BU(s)

=>(sl-A)X(s)=BU(s)

= X(s) = (sI-A)-1BU(s)

Apply Laplace Transform on both sides of the output equation.

Y(s) =CX(s) + DU(s)

Substitute, X(s) value in the above equation.

=Y(s) =C ( sl-A)-1BU(s)+DU(s)

=Y(s) = [C (s|-A)-1B+D]U(s)

=Y(s) U(s) = C(s|-A)-1 B+D

The above equation represents the transfer function of the system. So, we can calculate the

transfer function of the system by using this formula for the system represented in the state
space model.

Note - When D=[0], the transfer function will be

Y(5) A -1
Ty = Cel - A)'B
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Example:
Let us calculate the transfer function of the system represented in the state space model as,

1= [2]=[7 2]+ ] wm

Y=[0 1] _"”]

[ T2

Here,

A:[_ll _01} B:[;], C=[0 1] and D= 0]

The formula for the transfer function when D = [0] is -

Y(s)
U(s)

=C(sI — A)™'B

Substitute, A, B & C matrices in the above equation.

el
LY g h s_-i—ll} [1]

U(s) (s+1)s— 1(—1) |0
_Y(s) _ b 1] [i] B 1

U(s) s24+4s+1 s2+s5+1
Therefore, the transfer function of the system for the given state space model is
Y(s) B 1
U(s) s2+s+1

StateTransitionMatrixandits Properties

If the system is having initial conditions, then it will produce an output. Since, this output is
present even in the absence of input, it is called zero input response xZIR(t). Mathematically, we
can write it as,
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zzm(t) = e2X(0) = L {}sf — 4 "‘X(m}
From the above relation, we can write the state transition matrix (t) as
o(t) =et = L' [sT - A]™
So, the zero input response can be obtained by multiplying the state transition matrix(t) with the
initial conditions matrix.
Properties of the state transition matrix
* If t=0, then state transition matrix will be equal to an Identity matrix.
(0)=!
* Inverse of state transition matrix will be same as that of state transition matrix just by
replacing‘t’ by ‘-t’
¢~ (t) = ¢(—2t)

o If t=t1+2 , then the corresponding state transition matrixis equal to the
multiplication of the two state transition matrices at t=t1t=t1 and t=t2t=t2.

(t1+t2)=d (t1) d(t2)

Controllabilityand Observability

Let us now discuss controllability and observability of control system one by one.
Controllability

A control system is said to be controllable if the initial states of the control system are
transferred (changed) to some other desired states by a controlled input in finite duration of
time.

We can check the controllability of a control system by using Kalman’s test.
* Write the matrix Qc in the following form.
Q.=[B -AB A'B ... A™'B|

* Find the determinant of matrix QcQc and if it is not equal to zero, then the control
system is controllable.
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Observability

A control system is said to be observable if it is able to determine the initial states of the control
system by observing the outputs in finite duration of time.

We can check the observability of a control system by using Kalman’s test.
* Write the matrix Qo in following form.
Q.= [CT ATCT AT)*cT ... (A0
* Find the determinant of matrix QoQo and if it is not equal to zero, then the control
system is observable.
Example:

Let us verify the controllability and observability of a control system which is represented in the
state space model as,

= [0]=17 T2+ (o] w

i [z
Y=[0 1] 1]
| L2

Here,

,-1;[ﬁ1 —1]. B'_'[ll. [0 1|, D=[0] and =n =2
1 0 0

For n = 2, the matrix Q. will be
Q. =B AB|

we will get the product of matrices A and B as,

- []
1

1 -1

> Qe : [0 1]
|Qc|:1._-“£0

Since the determinant of matrix Qc is not equal to zero, the given control system is controllable.
For n=2, the matrix Qo will be -
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C:,)o - I(—rT ‘_1TC_I'T]

o . 0
AT — [ L 1] and CT = [ ]
—1 0 1

we will get the product of matrices AT and CT as

AT T — [1 ]
) 0

i 0 1
— () —
i [1 0]

> Qo] = —1  # 0

Here,

Since, the determinant of matrix Qo is not equal to zero, the given control system is observable.
Therefore, the given control system is both controllable and observable.

MCQs on State Space Analysis (with Answers)

PART A: Basic Concepts of State Space
1. The state of a dynamic system is defined as

A. Input applied to the system

B. Output of the system

C. Smallest set of variables that completely describe the system at any time
D. Error signal of the system

Answer: C

2. State variables of a system

A. Are always measurable

B. Completely describe the future behavior of the system
C. Depend only on output

D. Are independent of initial conditions

Answer: B

3. The number of state variables required to describe a system is equal to
A. Number of inputs

B. Number of outputs

C. Order of the system

D. Gain of the system
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Answer: C

4. State space representation is applicable to
A. Linear systems only

B. Non-linear systems only

C. Both linear and non-linear systems

D. Time-invariant systems only

Answer: C

PART B: State Model Representation
5. The general state equation of a continuous-time system is

A. (\dot{x} = Ax + Bu)
B. (y =Cx + Du)

C. (\dot{x} = Ax)

D. (y=Du)

Answer: A

6. The output equation of a state model is
A. (\dot{x} = Ax + Bu)

B. (y=Cx + Du)

C. (\dot{x} = Bu)

D. (y=Ax)

Answer: B

7. In state space representation, matrix (A) represents
A. Input matrix

B. Output matrix

C. System matrix

D. Feedforward matrix

Answer: C

8. Matrix (B) in state equation represents
A. Output relationship

B. Input influence on state

C. System dynamics
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D. Feedback gain

Answer: B

PART C: Derivation of State Models
9. State models can be derived from

A. Differential equations only
B. Transfer function only

C. Block diagrams

D. All of the above

Answer: D

10. Integrators in a block diagram are used to identify
A. Inputs

B. Outputs

C. State variables

D. Gain constants

Answer: C

11. A transfer function of order (n) can be represented by
A. Only one state model

B. Infinite number of state models
C. No state model
D. Only diagonal state model

Answer: B

PART D: Diagonalization

12. Diagonalization of a state matrix is possible when
A. Matrix is singular

B. Eigenvalues are repeated

C. Matrix has linearly independent eigenvectors
D. Determinant is zero

Answer: C

13.The main advantage of diagonalization is
A. Reduced system order
B. Simplified solution of state equations
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C. Improved stability
D. Reduced steady-state error

Answer: B

14. In diagonal form, state equations become

A. Coupled equations

B. Non-linear equations

C. Independent equations

D. Time-varying equations

Answer: C

PART E: Solution of State Equations

15. The solution of time-invariant state equation is obtained using
A. Laplace transform only

B. Root locus method
C. State transition matrix
D. Bode plot

Answer: C

16. State Transition Matrix (STM) is denoted by
A. (A)

B. (B)

C. (e*At})

D. (C)

Answer: C

17. The zero-input response of a system depends on
A. Input only

B. Initial conditions only

C. Both input and output

D. Gain only

Answer: B

18.The zero-state response of a system depends on
A. Initial conditions only

161|



B. Input only
C. System matrix only
D. Eigenvalues only

Answer: B

PART F: State Transition Matrix Properties
19. State transition matrix satisfies the property

A. (\Phi(0) = 0)
B. (\Phi(0) = 1)
C. (\Phi(t) = 0)
D. (\Phi(t) = A)

Answer: B

20.For time-invariant systems, STM is
A. Time-varying

B. Constant

C. Function of time only

D. Function of input

Answer: C

21. The state transition matrix can be computed using

A. Routh criterion
B. Laplace transform

C. Matrix exponential
D. Root locus

Answer: C
PART G: Controllability and Observability
22.A system is said to be controllable if

A. All states are measurable
B. Output follows input
C. States can be driven to any desired value

D. System is stable

Answer: C
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23.Controllability of a system depends on
A. Matrix (A) only

B. Matrix (B) only

C. Matrices (A) and (B)

D. Matrices (C) and (D)

Answer: C

24.A system is observable if

A. All states can be controlled
B. All states can be inferred from output

C. System is stable
D. System is diagonalizable

Answer: B

25.0hservability of a system depends on
A. Matrices (A) and (B)
B. Matrices (B) and (D)
C. Matrices (A) and (C)
D. Matrices (C) and (D)

Answer: C
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